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Abstract: Highly aspherical optical surfaces are commonplace in the optical industry today.
Surface discretization, i.e., describing the surface via a point cloud or a grid, is crucial in several
surface production processes such as machining, finishing, metrology, and characterization. The
simplest way to discretize an aspherical surface is to generate a uniform x—y sampling in the
vertex plane and orthogonally project that sampling onto the surface. However, such a method
leads to excessively non-uniform samplings when the surface is highly aspherical, which is not
rare in the current optical industry. To overcome this problem, we have studied the properties
of three discretization methods applied to optical aspheres. The first essentially generates the
involute of a circle embedded within the optical surface (CI). The other two methods are based
on finding an intermediate mapping. Whereas one method finds this mapping by solving a
Laplace-Beltrami partial derivatives system (LB), the other uses optimal mass transportation
(OT). We compared the outcomes of these methods with the trivial projection method. Evidence
shows that, when targeting uniformity, the CI and OT provide the best outcomes. Conversely, the
CI and LB methods achieve better results if the quality target has grid cells close to equilateral.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Surface production is ubiquitously applied in modern industry, covering many applications:
optics, aerospace, automotive, etc. It implies a set of techniques such as machining, finishing,
metrology, and characterization. Machining creates the surface shape (or the mold from which
the surface is fabricated) by controlled material removal from a blank; finishing, a subsequent
refinement after machining, aims at minimizing the surface roughness and waviness generated by
the rough machining process; surface metrology is the as-built surface measurement and, finally,
surface characterization is the mathematical procedure to evaluate the difference between the
nominal design and the as-built surface. In all techniques mentioned above, a crucial step is to
set a point cloud or grid of points discretizing the surface, referred to as surface discretization.

Aspherical surfaces (but still axially symmetric surfaces) are used in many optical applications
whenever reduced dimensions and/or good optical quality performance are required. The
improvement in the machining techniques of aspherical surfaces has made it possible to produce
those with even extreme deviations from best-fit spheres [1]. This machining development
inevitably implies a co-development of better optical metrology and characterization procedures.
Indeed, in more than a few cases and whenever high-precision lenses are required, measuring
and machining are combined in a closed-loop process to improve the final result [1].

Surface metrology can be divided into two major groups: whole-surface or sequentially
point-by-point measuring devices. Among the former, the most important, but not the unique,
technique is the interferometry-based [1]. In the latter, a probe scans through the surface guided
by a computer-numerical-control (CNC) system. Then the process is achieved by defining a set
of points within the surface defined by coordinates: {x,y,z}. Due to limited acceptance angles of
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whole surface measurements in high aspheric surfaces, the preferred techniques are those based
on pointwise measurements [2]. This work is mostly focused on these.

The pointwise measuring instruments can be classified according to the physical structure of
the probe: tactile probe, atomic force microscopy (AFM) tip, optical probe, etc. [3]. Depending
on the pointwise measuring device, there are different possible scanning sampling strategies:
parallel or radial lines, concentric circles, spiral curves, etc. [3], giving rise to either some type
of uniform x — y (Cartesian) or r — p rastering scans [3]. In some special cases, statistically based
schemes have also been proposed, e.g. Hampsi and Hammersley sampling methods [4,5].

Particularly interesting for our purposes are the spiral-type samplings: an Archimedean [6] and
a Fermat [7] spiral have been proposed in contact and no-contact (optical) metrology, respectively.
Additionally, a significant group of surface finishing techniques generates a turning-lapping path
(diamond cutting tool) obtained by the combination of a rotation movement of the surface to be
polished, and axial displacements of the lapping tool [8]. This provides the spiral-type curve as
the natural lapping path (sampling curve).

Surface discretization inherently implies the convenience of selecting the set {x, y, z} following
some optimal criteria. One arises naturally from a quality-based requirement, whereas the other
arises from a cost-based guideline. As for the quality, a usual requisite is the homogeneity of the
process over the surface, which is translated into the requirement that the net {x, y, z} samples the
surface in the most uniform way possible. A reasonable and universal cost-based criterion is to
minimize the overall operation (finishing or measurement) time. Indeed, in industrial processing
production, time must always be optimized because of economic costs and risks of surface
damage [3]. Reducing time is also meaningful to lower noise when surface measurement may
change with time, for instance, due to external vibrations.

Anyway, the approaches to addressing these two criteria have been different in surface finishing
and metrology. In surface metrology, more stress has been put on minimizing measurement time.
Conversely, in surface finishing, the concern for uniformity is higher because the goal is to reduce
irregularities that are more or less evenly distributed over the surface area (surface roughness).

Conventionally, surface discretization in optical aspheres is constructed using some uniform
criteria in the x-y vertex plane (tangent plane to the asphere at its center), neglecting its surface
geometry. However, in highly aspheric or curved surfaces, this procedure can lead (as we will
show in this paper) to highly non-uniform samplings within the surface; it particularly tends to
sample convex surfaces more uniformly in the center than the periphery.

Even without limiting the analysis to optics, not too many alternatives have been presented
explicitly considering the surface geometry. For instance, Edgeworth et. al. [9] proposed the
so-called adapted sampling, a strategy that considers the surface normal measurements to develop
interpolating curves between sample points, a somewhat heuristic approach to the problem.
Within spiral-type schemes, Gong et al. [10] proposed to use an Archimedean spiral curve
defined on the surface itself instead of on the vertex plane. One should be especially cautious
when finding the most optimal spiral-type curve filling the asphere. Some of us proved that,
for flat curvatures, circle involutes are the best candidates for minimum-time scanning paths
maintaining a prescribed measurement accuracy condition [11]. In this paper, we extend that
result to optical aspheres, providing an advantageous way to generate curve samplings on those
surfaces.

A conceptually appealing way to discretize surfaces through grid generation is to transform
the problem into one of finding an intermediate mapping [12], which maps the original domain
to a so-called computational domain, where it is simple to generate a uniform mesh. For this,
we present two approaches: first, imposing minimum gradient energy mapping naturally leads
to solving a system of Laplace-Beltrami partial differential equations [12], which offers robust
efficiency in highly curved surfaces. Second, still within the mapping framework, optimal
mass transportation has recently been proposed for grid generation under certain restrictions
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[13,14]. Optimal mass transportation is a very active mathematical theory with significant optical
applications [15].

Considering the diversity of problems exposed above, in this work, we propose and evaluate
some surface discretization methods for optical aspheres. Our main motivation is to present a
detailed analysis of several methods designed to optimize quality-based requirements based on
uniformity, which fully addresses the influence of surface geometry.

This paper systematically studies three different strategies for surface discretization in optical
aspheres. First, in section 2 we explain basic notions of surface discretization and quality
measures. Second, in section 3 we present three optical archetypical aspheres used to evaluate
the methods. In section 4, we present an algorithm that obtains the grid by constructing a
circle involute embedded within the optical surface. Next, two methods based on finding an
intermediate mapping are explained in section 5: one employing the Laplace-Beltrami operator
(subsection 5.3) and the other the optimal mass transportation (subsection 5.4). For comparative
purposes, we also implemented a trivial projection method (subsection 5.2). Section 6 presents a
numerical comparative analysis of all the introduced surface discretization methods. Finally, in
section 7 we discuss results and derive conclusions.

2. Surface discretization notions and quality metrics

The most general definition of surface discretization is an algorithm to specify points embedded
over that surface, obeying some geometrical properties. The methods presented here generate a
set of data points within the surface without a grid structure. However, to compute determined
quality metrics, in a subsequent step, we created a grid from the point cloud. We employed an
algorithm based on the classic surface reconstruction method called crust [16] available in [17],
which produces a triangulated mesh surface from a point cloud.

Grid quality can be characterized considering certain features of the grid cells’ boundaries,
areas and/or elements of the surface metric tensor and their derivatives [12]. As an essential
requirement, grid cells must not be folded or degenerate into lines or points. Also, cells should
not differ too much from an equilateral curvilinear triangle. To quantify the difference compared
to that reference equilateral triangle, we used the metric, taken from [18], given by the equation:

434
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where /; is the length of the i-th edge of the cell and A is the area of the triangle. We note that, in
a flat geometry, g achieves its maximum value 1 only if the triangle is equilateral. Since we are
dealing with curved triangles, we should compute /; through geodesics, which would significantly
increase computational cost. Instead, we approximated the curvilinear edges with straight lines,
considering that the approximation is good enough when the grid cells are sufficiently small.

To evaluate the sampling uniformity, we divided the area of each triangle, A;, by the mean
triangle area, A, over the whole grid: A; /K. ‘We have also used these metrics to evaluate the
sampling quality of data points generated through a curve embedded in the surface.

3. Asphere geometries

We tested our algorithms with three archetypical optical aspheres, which have been used for
interlaboratory comparison with different metrological techniques [19]. The first asphere (from
now on weak asphere) is taken from a Leica camera. The second surface is a strong asphere
provided by Schneider GmbH & Co KG. Finally, the last example, produced by Thales Angenieux,
is an extreme asphere containing a turning point connecting a convex part in the center and a
concave annulus. Overall, the three aspheres represent a meaningful variety of possible designs
that can be found in the market.
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These surfaces are parameterized as (x,y, Z(r)), where r = 4/x2 + y? and

r2

Z(r) = + C4r4 + c6r6 + Cgr8 + c10r10 + clzrlz, 2)
R(1+1-(1+K)%5)

being R the vertex radius of curvature, « a conic constant and «; coefficients describing the degree
of asphericity. The parameters of each example are provided in Table 1 [19]. Plots of the three
aspheres are shown in Fig. 1.

. 0B o~
(a) (b) (©)

Fig. 1. The three aspheres used to test the surface discretization methods: (a) weak asphere;
(b) strong asphere; and (c) turning point.

Table 1. Parameters of the three lens surfaces used in the numerics.

Parameter Weak asphere Strong asphere Turning point

R (mm) 40.6193 20.097 94.6

K 0 -1 —23.2046

a4 (mm™3) —6.79375x1077 ~2.0868x107° —6.864 65x1076
g (mm™) —4.85203x10710 -3.9031x1077 -1.21832x1078
ag (mm~7) -2.05223%10713 3.4102x107 11 2.22491x10!1
ayo (mm™) -6.2324x10717 -3.2381x1071 —8.06098x10~14
ai> (mm~1) -4.4857x10720 0 0

Diameter (mm) 39 40 60

4. Circle involute path scan embedded in an asphere

The method has already been explained elsewhere [20]. For completeness, we summarize it
in the following. We start with a regular curve y : J — R? defined on some interval J C R.
The coordinates in R? are (x, z), and the curve can be written as y(s) = (y,(s), y2(s)) for s € J.
Exclusively of this method, we consider the parameterization ¢ : J x [0, 2] — R? of the asphere
(given by Eq. (2)) obtained by rotating the curve y around the z-axis:

W(s’ 9) = (71 (S) Ccos 9’ Y1 (S) sin 9’ 72(5)) (3)

A geodesic, given by 6(¢) := (s(¢), 6(t)) parametrized with ¢, is uniquely determined by a set
of second-order ordinary differential equations [21] and their initial values §(0) = (s(0), 68(0)),
6’(0) = (s°(0), 6’(0)). After some computations [20], we obtained the equation of the involute
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about the geodesic circle of radius sp:
1 8,(1) = So(t) + (0,28(s0)™") = (s(2), 6(2) + 1g(50) "),

where g = 712 The corresponding curve in the surface is given by:

t >y (s(t), () + tg(s0)™").

Reducing the radius of the involute generating circle sy generates more sampling points. The
surface associated with Eq. (2) is:

y1(s) = s,

-1
— 2
va(s) = s*R7! (1 +4/1—=(1+ K)%) + ca5” + cas* + cgs® + 105" + c12s'2.

Going back to the circle involute curve, the geodesic equations were solved numerically using
a built-in MATLAB function: ode45.m, which generates a non-uniform distribution of points:
(xi,vi»zi), £ = 1,...n. Next, to obtain a uniform sampling along the geodesic, we interpolate
those points imposing equal arc-length separation, with a step equal to 2zsg. The arc-length
separation is approximately computed by 6; ~ v/(xis1 — x,)2 + (Vir1 — yi)* + (Zir1 — 20)2.

The total length is L = )7, 6;, so a uniform arc-length step is given as §; = L/(n + 1). We
obtained the equal arc-length points on the curve (x;, y;, z;), i = 1, .., n, by separately interpolating
their s and 6 parameters using spline interpolation. Specifically, we used the interp! MATLAB
function with the splines option. Finally, the curve points were obtained by applying Eq. (3).

5. Grid generation based on intermediate mappings

Consider an optical surface I' that is open, connected, and parameterized by F : U — T.
Sometimes, grid generation algorithms are based on the computation of an intermediate mapping
T : Q — U satisfying certain geometrical properties [12]. Here, Q is a subset of the plane
called computational domain. Usually, Q is chosen as the unit square, which provides a natural
uniform Cartesian grid. However, we have chosen Q to be a circle due to the rotational symmetry
of the optical aspheres. Then, this grid is mapped onto the surface I' through T and F (Fig. 2).

Q

Fig. 2. Grid generation through an intermediate mapping.

Using this idea, we have implemented two grid generation methods: first, using the Laplace-
Beltrami operator (section 5.3); and second, by optimal transport (section 5.4). We denote:

F[x(0)] : Q cR> > T c R,

. > L PPN > @)
T:QcR"—>UCR" {=(0,0), T =x(0)=x(,80).x(4,0),

where F is the parameterization of the surface F(x',x%) = (x', x%, Z(x', x?)), whose domain is
another circle U. Then, the problem of finding the grid over the surface becomes searching for
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a mapping T with certain properties. Note that x({) must be one-to-one to avoid grid folding.
Fortunately, as explained later, both the optimal transport method and the one based on the
Laplace-Beltrami operator theoretically guarantee the generation of one-to-one mappings. The
mapping must also obey that the boundary of O maps onto that of U and subsequently of T'.

5.1. Initial grid in the computational domain

The methods of intermediate mappings require an algorithm that efficiently generates uniform
grids over the computational domain Q. This is trivial for Q being rectangular, but not for Q
being a circle.

We propose a method that first generates a set of points through a circle involute curve
[11] and then triangulates them. The arc-length parameterization of a circle with radius s is

a(t) = (so cos (%0) , S0 sin (v%)) Then, the corresponding involute is given by

B(t) = a(t) —ta/ (1) = (so cos (é) +1sin (é) , S0 sin (é) — tcos (é)) . (5)

The arc-length reparameterization of the involute is 3(s) = 8 (V2sos), which enables an equally
spaced sampling 3(0), 3(27so), B(47s), . . . until the boundary of the circle is reached.

Subsequently, a mesh is generated from the points of the circle involute using a Delaunay
triangulation, employing the function implemented in MATLAB delaunay.m. As shown in
Fig. 3, this procedure generates a few triangles of low quality near the boundary. To avoid these
boundary artifacts, we deleted triangles with a value g<0.75, where ¢ is given in Eq. (1).

() (b)

Fig. 3. Grid generation example of the circular disk. (a) Points obtained from the
circle involute parametrized by arclength. (b) Triangulation of previous points (using
delaunay .m). Triangles with g<0.75 are colored red.

We have observed that this method generates meshes of comparable (or slightly better) quality
than some other well-established grid generation methods, such as the so-called DistMesh method
[22] or the grid generation algorithm implemented as part of MATLAB’s PDE toolbox.

5.2.  Grid generation with normal projection

The grid is generated by projecting the reference grid at the vertex plane onto the surface by
projecting along the normal to that plane (z-axis). This is equivalent to using the identity as the
intermediate mapping x'(¢1, &) = &1, X1, &) = &.

5.3. Grid generation with Laplace-Beltrami operator

The crux of the Laplace-Beltrami method is not to obtain the mapping T directly [12], but its
inverse S = T~! : U — Q. This inverse mapping is obtained as a solution of the following
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Laplace-Beltrami partial differential system [12]:

{(gF )2 %0 (\/g_ng{ax,-Sk) =0, inU ©

Sk(x) = -xks in U
where
&) = F W00 (ghe0), = (efw) . ¢ = et (g )

The Dirichlet boundary conditions are chosen so that the edges of the discs are fixed points of
S and T. Equation (6) can be interpreted [12] as the minimization of:

2%2

2 [esoamsn. 6= (d) "

i

which is a functional of smoothness, i.e., the integrated density and shape of the grid. The theory
of harmonic maps [23] shows that § : U — Q is one-to-one, ensuring that the grid does not fold.
To numerically solve Eq. (6), each coordinate S; was approximated with linear elements through
the finite element algorithm implemented in MATLAB’s PDE Toolbox [24]. Then S is linearly
approximated when restricted to each finite element. This local linearization of each Sj allows
for inverting the overall mapping T = S~! through straightforward linear algebra. Finally, the
nodes of the surface grid in I" are obtained employing the composition F o 7. This may not be
the most efficient way to generate a grid using Egs. (6). However, this does not affect the analysis
of Section 6.

5.4. Grid generation with optimal transport

To facilitate the analysis in this method, we have rescaled both Q and U to be the unit disc in RZ,
It has been previously shown [13] that optimal transport can be used to define grids that sample
the plane with a prescribed density. In this method, given any curved region R C I', we have

C - Area[(T o F)"'(R)] = Area[R], (7)

where C>0 is a proportionality constant, the left-hand side is the usual two-dimensional area in
0 c R? and

Area[R] = /F . 1+ Z'(r) dx" dx?, r= e + (22 (®)

Note that the constant C is easily obtained as the area of the surface divided by the area of the
computational domain (i.e., a disc). The mapping T is chosen so that it minimizes the functional

/ 7) - ¢ d.
4

subject to the constraint on Eq. (7). Intuitively, this selects an area-preserving mapping Q — I’
that minimizes the displacement 7'({) — £. It can be proven that the optimal mapping is

T(1,0) = 117 e (&, 8) . ¢:10,1] — [0,1],

where the mapping ¢ solves a related optimal transport problem on the real line. That is, the
optimal mapping only moves points in the radial direction. Moreover, the theory of optimal
transport in one dimension [25] yields an explicit expression for .

t 1 -1
o(t) = (%), @) = Co / sV +2Z'(s)2ds, Co = ( / s 1+Z’(s)2ds) )
0 0

The constant C¢ is chosen so that @ maps the interval [0, 1] to itself. Note that the previous
formula for 7" shows that the mapping is one-to-one. Therefore, the resulting grid will not
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self-intersect. In summary, to compute the mapping 7, it is enough to compute the inverse of
the primitive of a positive function. This has been achieved by approximating s+/1 + Z’(s)? with
MATLAB’s spline.m function, which enables the method to run in linear time.

6. Comparison between surface discretization methods

In this section, we provide qualitative and quantitative comparisons of the surface discretization
methods described in sections 4 and 5 applied to the surface examples shown in section 3. From
now on, we use the following acronyms: orthogonal projection (OP), Laplace-Beltrami (LB),
optimal transport (OT), and circle involute (CI). Figures 4 and 5 respectively show the mesh
surfaces generated by each method on the strong asphere and the asphere with a turning point.
Additionally, Fig. 5 shows the data points before triangulation.

(c) (@

Fig. 4. Tllustration of the grid generation methods on the strong asphere. (a) OP method,;
(b) LB method; (c) OT method, and (d) CI method.

By visual inspection, we observe that whereas the meshes generated by all methods do not
differ significantly for the weak and strong aspheres, there are notable differences in the asphere
with a turning point.

As expected, a simple visual inspection reveals that the OP method fails, compared with the
rest of the methods, to generate a uniform discretization of the asphere with a turning point,
especially in regions of rapid surface changes.

We evaluated the mesh uniformity and quality with the metrics described in section 2: A;/A
and g. We generated three grids with different numbers of data points. The number of points
was indirectly determined by a parameter setting the mesh triangle edge length: A. Precisely, &
is the edge’s average length divided by the radius of the domain where the surface is defined.
Particularly, we set 2 = 0.05,0.01,0.005. Both metrics depend on A. Figure 6 shows, through a
boxplot, grid cell analysis (a graphical representation of statistical data) the dependence of A;/A,
and Fig. 7 shows the dependence of q.

Figures 6(a) and 6(b) show that all methods produce reasonably uniform grids for the weak
and strong aspheres. About 50% of all triangles have an area between 0.95A (mean area of a
triangle) and 1.05A. Still, the CI and OT methods produce significantly more uniform grids.

The differences between methods are sharper when observing the asphere with a turning
point, as shown in Fig. 6(c). Whereas, when using the CI and OT methods, the triangle’s areas
are closely concentrated around the mean, in the LB and OP methods, there is a much higher
dispersion, with about 50% of the triangles having areas under 0.6A.
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Fig. 5. Ilustration of the grid generation methods on the asphere with a turning point. The
left column represents data points, whereas the right one shows the triangulation meshes.
(a-b) OP method; (c-d) LB method; (e-f) OT method, and (g-h) CI method.
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Fig. 6. Boxplots of the area of each triangle divided by the mean area for the involute
method (blue), the Laplace-Beltrami method (green), the projection method (purple), and

the optimal transport method (orange) for different relative lengths (4). Analysis of: (a)
weak asphere, (b) strong asphere, and (c) turning point asphere.
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Fig. 7. Boxplots of the quality metric ¢ for the involute method (blue), the Laplace-Beltrami
method (green), the projection method (purple), and the optimal transport method (orange)
for different relative grid cell lengths (4). Plots for: (a) weak asphere, (b) strong asphere,
and (c) turning point asphere.

We also observe a strong presence of outliers in every plot of Fig. 6, corresponding to a set of
triangles with an abnormally large or minor area. Figures 8(c) and 8(d) show that, for the CI
and OT methods, these triangles are concentrated in spirals near the center of the surface. On
the other hand, Figs. 8(a) and 8(b) show that OP generates abnormally large triangles near the
surface’s boundary, whereas the LB method generates them close to the center.

The mesh quality, through metric g, is analyzed in Fig. 7. Figures 7(a) and 7(b) show that all
the methods produce similar values of g for the weak and strong aspheres, with a percentage of
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Fig. 8. Heatmap of triangle area divided by mean area across the turning point asphere: (a)
OP, (b) LB, (c¢) OT, and (d) CI methods
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triangles having ¢>0.9 greater than 75%. In any case, CI and LB produce slightly better-quality
triangles than OP and OT methods.

However, in Fig. 7(c), we can see great differences between the methods for the asphere with a
turning point. The CI and LB methods still retain a percentage of triangles with g>0.9 greater
than 75%. On the other hand, in the OT method, we observe that more than 50% of the triangles
have ¢<0.8. In addition, OP has a highly asymmetric distribution of values of q.

We have also evaluated the distribution of the quality metrics across the entire surface for
the turning point example. Figure 8 shows the distribution of A;/A, while Fig. 9 shows the
distribution of g. While the values of A,;/A are uniform across the surface for the OT and CI
methods, Figs. 8(a) and 8(b) show a high variation for the OP and LB methods. Indeed, for a
better visualization, we had to clip the interval colormap range to [0,4]. In the OP method, we
observe the presence of triangles with abnormally large areas near the boundary and, contrary to
the LB method, small triangles at the center of the surface.

Both the OT and OP exhibit triangles of significantly lower quality near the boundary.
Conversely, the CI and OT grids are highly uniform except for a few triangles following a spiral
pattern near the center, corresponding to the outliers from Fig. 6. The presence of these artifacts
is clearer in the spatial distribution of g, as shown in Fig. 9. The value of ¢ is quite stable across
the whole surface, although some spiral patterns of differing quality values appear in all methods.
These are probably due to the triangulation procedure.
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Fig. 9. Heatmap of the quality measure g across the turning point asphere: (a) OP, (b) LB,
(c) OT and (d) CI methods

6.1. Dependence of surface discretization on surface geometry

As mentioned before, the performance of the surface discretization may be affected by surface
geometry, and this dependence is higher in the projection method than in the others. Also, when
the surface geometry tends to be planar, all the methods should converge to the same result. To
further analyze the influence of surface geometry, we evaluated the quality metrics when using
a sphere of varying radius of curvature as a test. We particularly considered spherical surface
portions —defined in a circular domain of radius one— with increasing radius of curvature.

Figure 10 provides the standard deviation of A;/A and the mean value of ¢ as a function of the
radius of curvature of the sphere. The g quality metric is quite stable against variations in the
radius of curvature for the CI and LB methods, but that is not the case for OP and OT. Conversely,
when analyzing A, /A, the only stable methods against variation in the radius of curvature are CI
and OT.

6.2. Theoretical comparison between the Cl and OT methods

We also explored the theoretical connection between the CI and OT methods. For this purpose,
we analytically compared the location of a point close to the edge obtained with both methods
(these have almost explicit formulas). Specifically, we analyzed the limit behavior of the ratio of
point locations with increasing grid density.

For simplicity, set s; = 2s¢, the diameter of the moving circle in the CI method. In the
OT approach, fix a point in the computational domain (unit disk), say ¢, that lies a distance
s1 from the boundary. That is, |{,| = 1 —s; =: £;. The OT maps this point onto a point
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Fig. 10. Behavior of the surface discretization ‘methods on spheres of increasing radius. (a)
Mean value of g; (b) Standard deviation of A;/A.

T(&) = &7 e(t1)Z. in R?, which has norm

IT(LIl = @(t1) = (1 = 51).

Then, the point with x-y coordinates T(Z,) and vertical height Z(|T(Z,)|), denoted by P.,
belongs to the grid on the surface.

We compare the location of this point P, with a corresponding point in the grid obtained by
the CI. For this purpose, we calculate the distance in R® from P, to the boundary of the surface,
which is given by

d. = /(1 = [T + Z(TE)) - Z()2.

In the CI method, this distance would be approximately s, that is, the Euclidean distance in
the tangent plane at each point of the surface.
To compare both, calculate:

i @ V=@ = 1% + (Z(p(1 = 51) = Z(1))?
Y= s1—0 81 - 5s1—=0 S1

lim \/(1 ol = sl))2 + (2(90(1 - 51) —Z(1))2
5s1—0 K 51

Vo (17 + Z ()P (2.

On the other hand,

¢/ = 207 () = 20 @ @) = 2 (0 AVTH Z@T@R)
[

so that ¢’(1) = CL 1

, and we can conclude:

y =2/Co. (10)

Equation (10) establishes that the geometry of the surface globally determines the relationship
between the CI and the OT methods. A simple computation shows that y is equal to the total
area of the surface divided by &, which is also the proportionality constant found in Eq. (8).
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Consequently, higher surface area causes a bigger discrepancy between the methods. Note also
that y can be thought of as a measure of how the OT method stretches the radial location of
points near the edge of the surface compared to the CI method. This affects the shape of the
triangles, and consequently their ¢ values, but not its uniformity measure as shown in Fig. 10.
In the case of planar geometry (Z = 0, which yields y = 1) both methods provide the same
point. For the three examples used, we computed the following values of y that exemplify this
interpretation: weak asphere (y = 1.06), strong asphere (y = 1.09), and turning point (y = 3.22).

7. Discussion

When surface discretization is performed in aspheres containing significant curvatures and/or
curvature variations, such as optical aspheres with turning points, the conventional projection
method fails at providing a uniform point distribution. We have presented three alternative
methods that are more convenient in these cases. First, one based on computing circle involutes
embedded within the surface (CI); second, a method that solves a Laplace-Beltrami system of
equations (LB); and third, one that uses optimal transport of a uniform mesh generated in the
vertex plane with a circle involute (OT).

We have proved that the CI and OT methods provide the best outcomes if uniformity is targeted.
Moreover, our discussion above indicates that, theoretically, both methods converge when the
surface flattens. However, if the criterion is to have grid cells close to equilateral, then LB and CI
would be the best methods. A disadvantage of the LB method is its computational cost. One is
forced either to generate a planar grid to solve the system directly or to use an iterative algorithm
to solve the nonlinear inverted PDE system [12]. Two aspects make the OT method appealing for
some applications. Firstly, it is as fast as the projection method. Second, it can be adapted to
surface metrics with non-uniform area one. For instance, in some optical applications, the goal is
not to sample uniformly on the surface area but rather in the curvature distribution or its variation.

Although in this paper we characterize uniformity through a post-triangulation procedure,
the main objective of the proposed methods is to generate a set of data points, not necessarily
associated with any particular triangulation, discretizing the surface. In contrast, successful
mesh generation algorithms such as the two-dimensional DistMesh [22] algorithm determine the
location of data points intrinsically considering the grid cell construction. Therefore, we attribute
the mesh artifacts described in section 6 to the sequential application of the triangulation using
the Crust algorithm [17] to the non-grid dependent methods of surface discretization.

In future work, we plan to generalize and adapt the methods shown in this paper to nonaxially
symmetric optical surfaces, such as free-form surfaces, which are undergoing a boom in optics
[26]. In the case of the involute method, this requires some extra computational effort because
computing geodesics in non-rotationally symmetric surfaces is not as straightforward as in
rotationally symmetric ones. Although there are different algorithms for this scenario (see, e.g.
[27] and references there), all of them imply higher computational cost and lower accuracy, as
compared with the rotationally symmetric case. Even greater difficulties would be encountered
when generalizing the OT method to non-axially symmetric surfaces because, in that case, the
mass transportation problem cannot be reduced to a one-dimensional problem. Then, the most
direct way to tackle the problem is to look for solutions to the two-dimensional Monge-Ampere
equation. However, this is a fully nonlinear partial differential equation, which cannot be solved
efficiently with the usual finite element methods. We also plan to develop grid generation methods
that consider geometrical features, for instance, a third-order smoothness metric [28].
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