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Abstract. Following the breakthrough work of Guillen and Silvestre [1], that shows that
the Fisher information is monotonically decreasing for solutions to the homogeneous Landau
equation, we study, for the same equation, the monotonicity properties of other physically
relevant functionals. In the case of Maxwellian molecules, we show that the relative L2

norm with respect to the equilibrium decays exponentially fast in time and is monotonically
decreasing after some time. Moreover, still for the Maxwellian case, we provide a novel and
short quantitative proof of time monotonicity of the entropic Wasserstein metric.

For soft potentials, we show that the Wasserstein metric is contractive, conditional to
L1(0, T, Lp(R3)) bound for the solution. This result provides an alternative proof of the
Fournier and Fournier-Guerin uniqueness theorem in [2] [3] .

1. Introduction

In this paper, we consider the space-homogeneous Landau equation

(1.1) ∂tf = divv

∫
Rd

α(|v − w|)|v − w|2K(v − w) (f(w)∇vf(v)− f(v)∇wf(w)) dw,

with K(z) := Id− z⊗z
|z|2 being the orthogonal projection to ⟨z⟩⊥ and α : R+ −→ R+. The most

relevant physical case is d = 3 and α(r) = r−3, which corresponds to Coulomb interactions of
electrons, and arises in mathematical modeling of electrons in plasma. The Landau equation
is one of the most used mathematical models in plasma physics. From a mathematical point
of view, the presence of nonlinear and non-local terms makes the analysis quite challenging.
After decades of being an open problem, well posedness of (1.1) with smooth data has been
recently settled in the breakthrough work of Guillen-Silvestre [1]. The proof relies on a
novel a-priori estimate which shows that the Fisher information is non-increasing in time.
Subsequently, global well-posedness for less regular initial data was shown in [4, 5, 6, 7].
The surprising monotonicity of the Fisher information hints at the possibility of additional
functionals that either decay monotonically or stay bounded.

In a preliminary attempt to answer this question, we focus here on three specific functionals.
The first one is the relative L2 distance between any solution to (1.1) and the Maxwellian
equilibrium. The other two are the classical 2-Wasserstein distance and the entropic Wasser-
stein distance between two solutions to (1.1). We summarize our main results in three theo-
rems.

The first theorem shows that in the case of Maxwell molecules (α ≡ 1), the relative L2 distance
decays exponentially fast in time. Moreover, this distance is monotonically decreasing after
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a short initial time. This transient period measures how far the initial data is from a radially
symmetric configuration. If the initial data is almost radially symmetric, the relative L2 norm
is monotone decreasing for all times.

Theorem 1. Let f be a solution to (1.1) with α ≡ 1 and initial data fin such that
∫
fin(1, v, |v|2) dv =

(1, 0, d). Let m be the corresponding unique equilibrium solution, m(v) := (2π)−
d
2 e−

1
2
|v|2.

Then the relative L2-norm

E(t) :=

∫
Rd

(
f

m
− 1

)2

m dv

decays exponentially fast in time,

E(t) ≤ c0e
−2(d−1)tE(0),

where c0 depends only on the dimension d. Moreover, E(t) is monotonically decreasing for

any t ≥ t0 with t0 = max
{

1
4d log

(
2 supi(λ

in
i −1)

d−1

)
, 0
}
, where λini are the eigenvalues of the

matrix Pinij =
∫
vivjfin dv.

Remark. If fin satisfies λini ≤ d+1
2 for all i = 1, ..., d, then t0 = 0, namely the relative L2

norm decreases from the initial time. In particular this applies to radially symmetric initial
data, which have λini = 1.

Our second result shows that, still for the Maxwell molecules case, the Landau equation is
contractive with respect to the entropic 2-Wasserstein distance. Before we define the distance,
let’s recall the definition of Boltzmann entropy H(f) and relative entropy H(f |g) between two
probability measures f and g as

H(f) :=

∫
f log f dx, H(f |g) :=

∫ (
f

g
log

f

g
− f

g
+ 1

)
g dx.

The entropic 2-Wasserstein distance is defined as

(1.2) Tε(µ, ν) = inf
Π∈Γ(µ,ν)

{∫∫
|v − w|2 dΠ(v, w) + εH(Π|µ⊗ ν)

}
,

where µ, ν are two probability measures over Rd, and Γ(µ, ν) stands for the set of transport
plans, which are probability measures over Rd×Rd with marginals µ and ν, see [8] for further
details. Before we state our second main theorem, we recall a useful expression introduced in
[1] for the matrix |v − w|2K(v − w):

|v − w|2K(v − w) =
3∑

k=1

bk(v − w)⊗ bk(v − w),

with

b1(v − w) :=

 0
w3 − v3
v2 − w2

 , b2(v − w) :=

v3 − w3

0
w1 − v1

 , b3(v − w) :=

w2 − v2
v1 − w1

0

 .

In the following of the manuscript we denote by b̃k the vector

b̃k :=

(
bk
−bk

)
.
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Our second main result is summarized in the following theorem:

Theorem 2. Let f , g be solutions to (1.1) for α ≡ 1 in R3. Then Tε(f, g) is non-increasing
for any ε ≥ 0. Moreover, the dissipation can be expressed as

(1.3)
d

dt
Tε(f, g) = ε

d

dt
H(f)︸ ︷︷ ︸
≤0

−1

2

∑
k

∫ 1

0

∫∫
R3×R3

∣∣∣∇(b̃k · ∇U)
∣∣∣2 P dv dw ds ≤ 0,

where P : [0, 1] → P(R3 × R3) is the Wasserstein geodesic between F (v, w) = f(v)f(w) and
G(v, w) = g(v)g(w) with vector field given by ∇U : [0, 1] → L2(R3 × R3, dP )⊗6.

The Geodesic P solves a continuity equation with ∇U as the driving vector field, and U solves
a Hamilton-Jacobi-Bellman equation. See Section 5 for the precise statements and explicit
expression of U .

We provide two different proofs of the monotonicity of Tε. The first one closely follows the
symmetrization argument introduced in [1] (see Section 4). The second proof relies on the
duality between entropic optimal transport and Hamilton-Jacobi-Bellman equations; thanks
to the duality argument, we are able to find the explicit expression of the dissipation (1.3).
This approach is developed in Section 5

We remark that the contractivity of the 2-Wassertein distance T for Maxwellian molecules
was already known [9, 10]. Even more classically, we mention the work of Tanaka [11], which
first showed the monotonicity of the 2-Wasserstein metric for the Boltzmann equation. We
also mention [12] which produces a tailored 2-Wasserstein like metric on which the Landau
equation arises as the gradient flow of the entropy; understanding if the Landau equation is
contractive in this natural metric is an interesting open problem. Here we provide a shorter
and more intuitive proof of the monotonicity of T . The expression of the dissipation on the
right hand side of (1.3) is at the authors’ best knowledge new.

The last main result concerns soft potentials and the contractivity of the 2-Wasserstein
T (ft, gt) distance. Recall that T (ft, gt) is defined in (1.2) with ε = 0.

Theorem 3. Let ft, gt be two smooth solutions to (1.1) in R3 with α(r) = rγ.

(i) Let −3 < γ < 0. Assume that ft, gt ∈ L1
tL

p
v for p > 3

3+γ .

There exist constants Cγ,p > 0 and 0 < βγ,p < 1 such that

(1.4) T (ft, gt) ≤ T (fin, gin) exp

(
Cγ,p

∫ t

0

(
∥fs∥

βγ,p
Lp(R3)

+ ∥gs∥
βγ,p
Lp(R3)

ds
))

.

(i) Let γ = −3. Assume ft, gt ∈ L1
tL

∞
v , and initial data such that T (fin, gin) < e−4. Then

there exist constants C > 0 and τ0 > 0 such that for t < τ0 :

(1.5) T (ft, gt) ≤ T (fin, gin)
e−β(t)

, β(t) := C

∫ t

0
max

(
∥fs∥L∞(R3) + ∥gs∥L∞(R3) , 1

)
ds.

The contractive estimates for soft potentials of Theorem 3 match the estimates of Fournier
and Guerin [2] and Fournier [3]. Indeed, our result shows that uniqueness of solution for
(1.1) for Coulomb potential holds provided the solution belongs to L1(0, τ, L∞(R3)) for small
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τ > 0. Our proof does not rely on stochastic methods, but solely uses the symmetrization
properties of the distance T and of the Landau operator.

It turns out that Theorem 3 holds for a wider range of potentials. More precisely, it holds for
any general potential α(r) that satisfies

α′(r)2 ≤ Krγ−2α(r),

for some positive constant K and some γ ∈ [−3, 0].

Organization of the paper. The rest of the paper is organized as follows. Section 2 collects
some important properties of the Landau operator with Maxwellian molecules. Section 3 con-
tains the proof of Theorem 1. Theorem 2 is proven using convexity properties in Section 4 and
via duality arguments in Section 5. Finally, Section 6 contains the proof of Theorem 3.

2. The collision operator for Maxwellian molecules

The proof of Theorem 1 (α ≡ 1) starts with the Landau equation (1.1) rewritten in the
following form:

(2.1) ∂tf = div
([

|v|2K(v) + d Id− P(t)
]
∇f + (d− 1)vf

)
,

where P(t) is the diagonal matrix formed by

(2.2) λi(t) =

∫
v2i f(v) dv, λi(t) = 1 + e−4dt(λi(0)− 1).

We briefly show how to derive the expression (2.1) assuming∫
fin(1, v, |v|2) dv =

∫
f(1, v, |v|2) dv = (1, 0, d).

This has already been done in [14], but we present a slightly modified proof for completeness,
as these computations will be used in the proof of Theorem 1.

Proposition 1. Let f ≥ 0 such that
∫
f(1, v, |v|2) dv = (1, 0, d). The matrix

A[f ](v, t) :=

∫
Rd

K(v − w)|v − w|2f(w, t) dw

in the Maxwell molecules case α ≡ 1 can be rewritten as

A[f ](v, t) = |v|2K(v) + d Id− P(t)

where P(t) is the matrix with entries Pij(t) :=
∫
wiwjf(w, t) dw.

Moreover, the Landau equation (1.1) reduces to

(2.3) ∂tf = div
([

|v|2K(v) + d Id− P(t)
]
∇f + (d− 1)vf

)
.

Proof. Direct computations show that

A[f ] = Id

∫
|v − w|2 f(w) dw −

∫
(v − w)⊗ (v − w)f(w) dw.
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For the first term we have∫
|v − w|2 f(w) dw =

[
|v|2

∫
f(w) dw − 2v ·

∫
wf(w) dw +

∫
|w|2 f(w) dw

]
=
(
|v|2 + d

)
.

For the second:∫
(v − w)⊗ (v − w)f(w) dw = v ⊗ v

∫
f(w) dw − 2v ⊗

∫
f(w)w dw +

∫
(w ⊗ w) f(w) dw

= (v ⊗ v) +

∫
(w ⊗ w) f(w) dw = (v ⊗ v) + P(t).

Hence we have

A[f ] = |v|2
(
Id− v ⊗ v

|v|2

)
+ d Id− P(t) = |v|2K(v) + d Id− P(t).

This also provides a very simple expression for

div (A[f ]) = div
(
|v|2 Id− v ⊗ v

)
= [2v − (d+ 1)v] = −(d− 1)v.

Since (1.1) can be expressed in terms of A[f ] as

∂tf = div (A[f ]∇f − f divA[f ]) ,

substituting A[f ] and div (A[f ]) above we obtain (2.3). □

Remark. If the solution is rotationally symmetric f(t, v) = f(t, |v|2), equation (2.3) reduces
to the classical Fokker Planck equation. Let F be an antiderivative of f , for each t and i ̸= j
we have

Pij(t) =

∫
wiwjf(|w|2) dw =

∫
wi∂wj

(
F (|w|2)

2

)
dw = 0.

For the case i = j, due to radial symmetry, the area under w2
i f(|w|

2) is the same for every i,
so

Pii(t) =

∫
w2
i f(|w|

2) dw =
1

d

∫
|w|2 f(|w|2) dw = 1.

This shows that P(t) = Id. Moreover, we have

A[f ]∇f(v) =
(
|v|2K(v) + (d− 1)Id

)
2vf ′(|v|2) = (d− 1)2vf ′(|v|2) = (d− 1)∇f(v)

and the Landau equation for Maxwell molecules reduces to

∂tf = (d− 1)div (∇f(v) + vf(v)) .

Next, we show how A[f ] evolves in time:

Proposition 2. Let f be a solution to (2.3) with
∫
f(1, v, |v|2) dv = (1, 0, d). The matrix P

with entries Pij(t) =
∫
wiwjf(w) dw satisfies the ode

P′(t) = −4d(P(t)− Id),(2.4)

with explicit solution

P(t) = Id + e−4dt(Pin − Id).



6 F.-U. CAJA-LOPEZ, M. G. DELGADINO, M.-P. GUALDANI, M. TASKOVIC

Proof. Using the equation for f , and div (A[f ]) = −(d− 1)v we deduce

d

dt

∫
wiwjf(w) dw =

∫
wiwjdivv

(
A[f ]∇f dw − divv (A[f ]) f

)
dw

= −
∫

⟨∇(wiwj), A[f ]∇f⟩ dw +

∫
⟨∇(wiwj), div (A[f ])⟩ f dw

=

∫
div (A[f ]∇(wiwj)) f dw − (d− 1)

∫
⟨∇(wiwj), w⟩ f dw.

The first term simplifies as

div (A[f ]∇(wiwj)) = div (A[f ]) · ∇(wiwj) + tr
(
A[f ]D2(wiwj)

)
= −(d− 1)w · ∇(wiwj) + tr

(
A[f ]D2(wiwj)

)
.

Note that D2(wiwj) = ∆ij + ∆ji, where ∆ij is the matrix with all zeroes except a one at
position (i, j). In general, if A is a matrix then A∆ij has all of its columns equal to 0 except
the j-th, where you find the i-th column of A. Therefore, if the matrix A is symmetric, we
have tr

(
AD2(wiwj)

)
= 2Aij , which shows:

div (A[f ]∇(wiwj)) = −(d− 1)w · (e⃗iwj + e⃗jwi) + 2Aij [f ] = −2(d− 1)wiwj + 2Aij [f ].

Similarly, we have ∫
⟨∇(wiwj), w⟩ f dw = 2

∫
wiwjf(w) dw,

which shows

(2.5)
d

dt

∫
wiwjf(w) dw = 2

∫
Aij [f ]f(w) dw − 4(d− 1)

∫
wiwjf(w) dw.

Now we use the following expression for A[f ]

A[f ] = |v|2K(v) + d Id− P(t)

= |v|2K(v) +

∫
|w|2

(
Id− w ⊗ w

|w|2

)
f(w) dw,

which we plug into (2.5), yielding

2

∫
Aij [f ](w)f(w) dw = 2

∫ (
|w|2K(w) +

∫
|ξ|2K(ξ)f(ξ) dξ

)
f(w) dw

= 4d Id− 4P(t),

which finishes the proof. □

Remark. The previous formula allows one to simplify the expression of P(t). Let fin be
a general initial data with second moment matrix Pin. Let R be the rotation matrix such
that RPinRt = diag

(
λin1 , . . . , λ

in
d

)
. Then, the rotated initial data f̃in(v) := fin

(
R−1v

)
has

diagonal second moment matrix:

Pin =

∫
(v ⊗ v)fin

(
R−1v

)
dv =

∫
(Rv)⊗ (Rv)fin(v) dv = RP(0)Rt = diag

(
λin1 , . . . , λ

in
d

)
.

Without loss of generality, in Section 3 we will consider initial data such that
∫
wiwjfin dw = 0

if i ̸= j. Then Pin is a diagonal matrix and, in view of (2.4), P(t) is also diagonal with elements
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λi(t) = 1 + e−4dt
(
λini − 1

)
. Because of conservation of the second moment we have that for

all times t ≥ 0:

tr(P(t)) =
d∑
i=1

λi(t) = d.

3. Exponential decay of relative L2 norm

We start the proof Theorem 1 with the following computation:

Lemma 1. Let f be a solution of (2.3) with initial data such that Pin is diagonal. We have

1

2

d

dt

∫ (
f

m
− 1

)2

mdv ≤− (d− 1)

∫ ∣∣∣∣∇( fm
)∣∣∣∣2mdv

+
∑
i

(λi(t)− 1)

∫ ([
∂vi

(
f

m

)]2
− 1

2

f2

m2
v2i

)
mdv,

where λi(t) =
∫
w2
i f(w) dw = 1 + e−4dt

(
λini − 1

)
.

Proof. We rewrite (2.3) as

∂tf = div
(
|v|2K(v)∇f

)
+ d div

(
m∇

(
f

m

))
− div (fv + P∇f) .

Because of conservation of mass,
∫
f2/mdv and

∫
(f/m− 1)2mdv only differ by a constant,

so

1

2

d

dt

∫ (
f

m
− 1

)2

mdv =

∫
f

m
∂tf dv

= −
∫ 〈

K(v) |v|2∇f(v),∇ (f/m) dv
〉

− d

∫
|∇ (f/m)|2mdv +

∫
⟨fv + P∇f,∇(f/m)⟩ dv.

Since K(v)∇m = 0, the first term in the last expression is negative:〈
K(v) |v|2∇f(v),∇ (f/m)

〉
=
〈
|v|2K(v)∇(f/m),∇ (f/m)

〉
m ≥ 0.

Therefore, we have

1

2

d

dt

∫ (
f

m
− 1

)2

mdv ≤ −d
∫

|∇ (f/m)|2mdv + I1 + I2,
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where I1 :=
∫
fv ·∇(f/m) dv and I2 :=

∫
⟨P∇f,∇(f/m)⟩ dv. Expanding ∇(f/m) in I1 yields

I1 =

∫
fv · ∇f + fv

m
dv =

∫
|v|2

m
f2 dv +

∫
v

m
·

1
2
∇(f2)︷︸︸︷
f∇f dv

=

∫
|v|2

m
f2 dv − 1

2

∫
f2

(
d+ |v|2

m

)
dv

=
1

2

∫
f2

m

(
|v|2 − d

)
dv.

The identity ∇f = m∇(f/m)− fv yields

I2 =

∫
⟨P (m∇(f/m)− fv) ,∇(f/m)⟩ dv

=

∫
⟨P∇(f/m),∇(f/m)⟩mdv −

∫
⟨Pv, f∇(f/m)⟩ dv.

We rewrite the last term as

−
∫

⟨Pv, f∇(f/m)⟩ dv = −1

2

∫
Pv · ∇

(
f2/m2

)
mdv

=
1

2

∫
f2

m2
(m div (Pv)− Pv · vm) dv

=
d

2

∫
f2

m
dv − 1

2

∫
f2

m
⟨Pv, v⟩ dv,

since tr(P(t)) = d. This yields

I1 + I2 =
1

2

∫
f2

m

(
|v|2 − d

)
dv +

∫
⟨P∇(f/m),∇(f/m)⟩mdv

+
d

2

∫
f2

m
dv − 1

2

∫
f2

m
⟨Pv, v⟩ dv

=
1

2

∫
f2

m
|v|2 dv − 1

2

∑
i

λi

∫
f2

m
v2i dv +

∑
i

λi

∫
[∂vi(f/m)]2mdv

= −1

2

∑
i

(λi − 1)

∫
f2

m
v2i dv +

∑
i

(λi − 1)

∫
[∂vi(f/m)]2mdv +

∫
|∇ (f/m) |2mdv,

which proves the lemma. □

In the next result we show a gaussian weighted Poincare inequality, which is a (slightly)
sharper version of the one found in [15].

Lemma 2. Let m(x) = (2π)−
d
2 e−

|x|2
2 be the Gaussian weight on Rd. Then for any smooth

function φ : Rd → R we have∫
Rd

|xi|2φ2(x)m(x) dx ≤ 2

∫
Rd

|∂xi(x)φ|2m(x) dx+ 2

∫
Rd

φ2(x)m(x) dx,
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Moreover, if φ has zero average
∫
Rd φ(x)m(x) dx = 0 then we have∫

Rd

φ2(x)m(x) dx ≤
∫

|∇φ(x)|2m(x) dx.

Proof. We consider the basis of Hermite polynomials {Hα}α∈Nd defined by

Hα(x) =
(−1)|α|√

α!
e

|x|2
2 ∂αe

− |x|2
2 (x) = Heα1(x1) · · ·Heαd

(xd),

where α = (α1, . . . , αd) is a multi-index and α! =
∏d
i=1 αi!. The Hermite polynomials form a

complete orthonormal basis with respect to the Gaussian measurem(x). Any smooth function
φ can be expressed as

φ(x) =
∑
α

aαHα(x),

where aα =
∫
Rd φ(x)Hα(x)m(x) dx are the coefficients of the expansion. We start with the

first inequality. We have

∫
Rd

|x1|2φ2(x)m(x) dx =

∫
Rd

∣∣∣∣∣∑
α

aαx1Hα

∣∣∣∣∣
2

m(x) dx

=

∫
Rd

∣∣∣∣∣∑
α

aαx1Heα1(x1) · · ·Heαd
(xd)

∣∣∣∣∣
2

m(x) dx

=

∫
Rd

∣∣∣∣∣∑
α

aα(Heα1+1(x1) + He′α1
(x1)) · · ·Heαd

(xd)

∣∣∣∣∣
2

m(x) dx,

where we have used the identity xHen = Hen+1 +He′n. We thus have

∫
Rd

|x1|2φ2(x)m(x) dx ≤ 2

∫
Rd

∣∣∣∣∣∑
α

aαHeα1+1(x1) · · ·Heαd
(xd)

∣∣∣∣∣
2

m(x) dx

+ 2

∫
Rd

∣∣∣∣∣∑
α

aαHe
′
α1
(x1) · · ·Heαd

(xd)

∣∣∣∣∣
2

m(x) dx

= 2

∫
Rd

|φ(x)|2m(x) dx+ 2

∫
Rd

|∂x1φ(x)|2m(x) dx.

The Poincare inequality follows in a similar manner, using the identity He′n = nHen−1. □

We are now ready to prove Theorem 1:
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Proof of Theorem 1. We start with Proposition 1, using that λi − 1 = e−4dt(λini − 1):

1

2
E′(t) ≤ −(d− 1)

∫
|∇ (f/m) |2mdv +

∑
i

(λi − 1)

∫ (
[∂vi(f/m)]2 − 1

2

f2

m2
v2i

)
mdv

= −(d− 1)

∫
|∇ (f/m) |2mdv + e−4dt

∑
i

(λini − 1)

∫ (
[∂vi(f/m)]2 − 1

2

f2

m2
v2i

)
mdv

=

d∑
i=1

[
−
(
d− 1− e−4dt(λini − 1)

) ∫
[∂vi(f/m)]2m dv − 1

2
e−4dt(λini − 1)

∫
f2

m
v2i dv

]
.

Because the λini are nonnegative, and their sum equals to d, at most d−1 of them are greater
than one and at most d− 1 of them are less than one. Also, the maximum value of (λini − 1)
is d− 1 and the minimum is −1. Now, we note that

−1

2

∑
i

(λi − 1)

∫ (
f

m
− 1

)2

v2imdv = −1

2

∑
i

(λi − 1)

∫ (
f2

m
v2i − 2fv2i +mv2i

)
dv

= −1

2

∑
i

(λi − 1)

∫
f2

m
v2i dv +

∑
i

(λi − 1)λi,

since
∑

i(λi − 1) = 0. Moreover
∑

i(λi − 1)λi =
∑

i(λi − 1)2 ≥ 0, which implies

−1

2

∑
i

(λi − 1)

∫
f2

m
v2i dv ≤ −1

2

∑
i

(λi − 1)

∫ (
f

m
− 1

)2

v2imdv.

Going back to the original estimate, we have that

1

2
E′(t) ≤

d∑
i=1

[
−
(
d− 1− e−4dt(λini − 1)

) ∫
[∂vi(f/m)]2m dv

− 1

2
e−4dt(λini − 1)

∫ (
f

m
− 1

)2

v2imdv

]
.(3.1)

For the λini greater or equal 1, the quantity in the square bracket is nonpositive, and we just
trivially bound

−
(
d− 1− e−4dt(λini − 1)

) ∫
[∂vi(f/m)]2m dv − 1

2
e−4dt(λini − 1)

∫ (
f

m
− 1

)2

mv2i dv

≤ −
(
d− 1− e−4dt(λini − 1)

) ∫
[∂vi(f/m)]2m dv ≤ 0.

For the terms with λini < 1 in (3.1) we use lemma 2 (for φ = f/m− 1) to obtain

−
(
d− 1− e−4dt(λini − 1)

) ∫
[∂vi(f/m)]2m dv +

1

2
e−4dt(1− λini )

∫ (
f

m
− 1

)2

mv2i dv

≤ −(d− 1)

∫
[∂vi(f/m)]2m dv + e−4dt(1− λini )

∫ (
f

m
− 1

)2

mdv.

Assume now the worst case scenario in which only one λini is greater or equal than 1 and the
rest are all less or equal than 1. Without loss of generality let λin1 ≥ 1 and λinj ≤ 1 for j ≥ 2.
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We have that

1

2

d

dt

∫ (
f

m
− 1

)2

mdv ≤ −(d− 1− e−4dt(λin1 − 1))

∫
[∂v1(f/m)]2m dv

−
d∑
i=2

(d− 1)

∫
[∂vi(f/m)]2m dv +

d∑
i=2

e−4dt(1− λini )

∫ (
f

m
− 1

)2

mdv

≤ −(d− 1− e−4dt(λin1 − 1))

∫
|∇(f/m)|2m dv + e−4dt(λin1 − 1)

∫ (
f

m
− 1

)2

mdv

≤ −(d− 1− 2e−4dt(λin1 − 1))

∫ (
f

m
− 1

)2

mdv,

where we have used the fact that
∑d

i=2(1 − λini ) = (λin1 − 1) and the Gaussian Poincare
inequality. The ODE

y′ ≤ −2(d− 1− 2e−4dt(λin1 − 1))y

has solution

y(t) ≤ y0 e
−2(d−1)t+

(λin1 −1)

d
(1−e−4dt)

and this finishes the proof. □

One can also repeat the computations of Lemma 1 with the test function φ = (f/m)p−1and
obtain

1

p

d

dt

∫
(f/m)pmdv

≤ −4(p− 1)

p2

∑
i

[
(d− λi)

∫ (
∂vi(f/m)

p
2

)2
mdv +

p

4
(λi − 1)

∫
(f/m)pv2imdv

]
.

As before, the quantity inside the bracket is nonpositive when λi ≥ 1. For the case λi < 1 we

can use Lemma 2 with φ = (f/m)
p
2 , which shows∫

(f/m)pv2imdv ≤ 2

∫ (
∂vi(f/m)

p
2

)2
mdv + 2

∫
(f/m)pmdv,

yielding

1

p

d

dt

∫
(f/m)pmdv ≤ −4(p− 1)

p2

∑
λi<1

(d− λi)

∫ (
∂vi(f/m)

p
2

)2
mdv

+
2(p− 1)

p

∑
λi<1

(1− λi)

∫ (
∂vi(f/m)

p
2

)2
mdv

+
2(p− 1)

p

∑
λi<1

(1− λi)

∫
(f/m)pmdv

≤ −
∑
λi<1

(
d− λi −

p

2
(1− λi)

)∫ (
∂vi(f/m)

p
2

)2
mdv

+
2(p− 1)(d− 1)

p
sup
i
(1− λi)

∫
(f/m)pmdv.
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Remembering that λi(t) = 1 + e−4dt
(
λini − 1

)
, we have an inequality of the form

E′
p(t) ≤ c0e

−4dtEp(t), c0 = 2(p− 1)(d− 1) sup
i
(1− λini )

for t ≥ t0 :=
1
4d log

(
p+2

2(d−1) supi(1− λi)
)
, which shows that

Ep(t) ≤ c̃0Ep(t0), c̃0 = exp
( c0
4d
e−4dt0

)
.

In summary, we have proven the following:

Proposition 3. Let f be solution to (2.3) with
∫
fin(1, v, |v|2) dv = (1, 0, d). Let m be the

corresponding unique equilibrium solution, m(v) := (2π)−
d
2 e−

1
2
|v|2 and consider the relative

Lp norm Ep(t) :=
∫
(f/m)pmdv. Then there exists a constant C depending on d, p and λini

such that

Ep(t) ≤ CEp(t0), t ≥ t0 :=
1

4d
log

(
p+ 2

2(d− 1)
sup
i
(1− λi)

)
.

4. Contractivity of Entropic 2-Wasserstein distance

In this section we show that Tε(f, g) is decreasing as time grows for f and g any solutions
of the Landau equation for Maxwell molecules. To prove monotonicity of Tε(f, g) we closely
follow the strategy used in [1] for the Fisher information. Let q(f) be the Landau operator
(α ≡ 1)

(4.1) q(f) := divv

∫
R3

|v − w|2K(v − w) (∇v −∇w) [f(v)f(w)] dw,

and define

(4.2) Q(F ) := (divv − divw)
[
|v − w|2K(v − w) (∇v −∇w)F

]
.

When F = f(v)f(w), the operator Q(F ) is connected with q(f) through an integration:∫
Q(f(v)f(w)) dw = q(f).

In the following we will denote with (f ⊗ f)(v, w) the product

(f ⊗ f)(v, w) := f(v)f(w).

The next lemma states that the first variation of the Wasserstein distance between f and g
along the Landau flow can be symmetrized, and the resulting expression is the first variation
of the Wasserstein distance in double variables along a linear problem.

Proposition 4. Consider the operators q, Q given in (4.1), (4.2) . Let F = f⊗f , G = g⊗g.
We have

(4.3)
〈
T ′
ε (f, g), (q(f), q(g))

〉
=

1

2

〈
T ′
ε (F,G), (Q(F ), Q(G))

〉
.
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Proof. To prove (4.3) we use the following dual formulation (see for instance [8]):

Tε(f, g) = εH(f) + J (f, g), J (f, g) := sup

{∫
u1g −

∫
u0f : ∂su+

1

2
|∇u|2 + ε

2
∆u = 0︸ ︷︷ ︸

bHJB equation

}
,

where H(f) is the entropy of f and u verifies the bHJB equation. As a first step, we show
that the entropy functional verifies the desired equality. On the one hand, we have

〈
H′ (f), q(f)⟩ =

∫
(log f(v) + 1) q(f) dv =

∫
q(f) log f(v) dv

= −
∫∫ 〈

|v − w|2K(v − w)
∇f(v)
f(v)

, (∇v −∇w) (f(v)f(w))

〉
dv dw

= −1

2

∫∫ 〈
|v − w|2K(v − w)

(
∇f(v)
f(v)

− ∇f(w)
f(w)

)
, (∇v −∇w) (f(v)f(w))

〉
dv dw

= −1

2

∫∫
|v − w|2

∣∣∣∣K(v − w)

(
∇f(v)
f(v)

− ∇f(w)
f(w)

)∣∣∣∣2 f(v)f(w) dv dw.
On the other hand, we have

〈
H′ (F ) , Q(F )⟩ =

∫∫
(logF (v, w) + 1)Q(F )(v, w) dv dw

=

∫∫
(log f(v) + log f(w))Q(F )(v, w) dv dw

= −
∫∫ 〈

∇f(v)
f(v)

− ∇f(w)
f(w)

, |v − w|2K(v − w)(∇v −∇w) (f(v)f(w))

〉
dv dw

= 2
〈
H′(f), q(f)

〉
.

Now we show that J (f, g) lifts in the same way as the entropy by relating the optimal u to
the optimal plan. It is known that the optimal plan between f and g is of the form

π∗(v, w) = exp
{
ε−1ϕ̃ε(v) + ε−1ψ̃ε(w)

}
r ε

2
(v, w),

where rt(v, w) denotes the heat kernel at the time t and ϕ̃ε, ψ̃ε are the Schrodinger pontentials,

which converge to the Kantorovich potentials ϕ̃, ψ̃ for the cost |v − w|2 as ε→ 0. Moreover,

π∗ is the only plan π ∈ Π(f, g) such that
dπ

dr ε
2

is tensorized and the Kantorovich potentials

provide the optimal u for the dynamic formulation J (f, g), given by

u = ε log
[
h (1−s)ε

2

eε
−1ψ̃ε

]
,

where ht denotes the heat flow so that ∂t(htf) = ∆(htf) and h0 = Id. If we double the
variables and consider F = f ⊗ f , G = g⊗ g then the optimal plan would be π∗ ⊗ π∗ and the
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optimal solution for J (F,G) would be u(v) + u(w) giving:〈
J ′(F,G), (Q(F ), Q(G))

〉
=

∫∫ [
(u1(v) + u1(w))Q(G)− (u0(v) + u0(w))Q(F )

]
dv dw

= 2

∫∫
u1(v)Q(G) dv dw − 2

∫∫
u0(v)Q(F ) dv dw

= 2

∫
u1(v)divv

∫
|v − w|2K(v − w) (∇v −∇w)Gdw dv

− 2

∫
u0(v)divv

∫
|v − w|2K(v − w) (∇v −∇w)F dw dv

= 2

∫
u1(v)q(g) dv − 2

∫
u0(v)q(f) dv

= 2
〈
J ′(f, g), (q(f), q(g))

〉
,

which finishes the proof. □

What the above proposition shows is that computing d
dtTε(f, g) is equivalent to computing

d
dtTε(F,G)|t=0

where F and G solve the linear problem

∂tU = Q(U)

with initial conditions respectively f(v)f(w) and g(v)g(w). Therefore in what follows we
show that

d

dt
Tε(F,G)|t=0

≤ 0.

As a first step, we rewrite the operator Q(·) defined in (4.2) as composition of two linear
operators. We recall the vector fields bk

(4.4) b1(v − w) =

 0
w3 − v3
v2 − w2

 , b2(v − w) =

v3 − w3

0
w1 − v1

 , b3(v − w) =

w2 − v2
v1 − w1

0

 ,

and b̃k(v − w) =

(
bk
−bk

)
. The vectors bk span the subspace ⟨v − w⟩⊥ and verify

b1 ⊗ b1 + b2 ⊗ b2 + b3 ⊗ b3 = |v − w|2K(v − w).

Using that b̃k(v−w) is divergence free and perpendicular to

(
v − w
w − v

)
it is easy to obtain the

expression

(4.5) Q(F ) =
3∑

k=1

b̃k · ∇
(
b̃k · ∇F

)
=

3∑
k=1

(
Lb̃k ◦ Lb̃k

)
F,

where

Lb(F ) := b · ∇F.
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Here the key observation is that the flow of the vector field b̃k (v − w) induces an isometry in

R6. That is,

(
v(t)
w(t)

)
,

(
v̄(t)
w̄(t)

)
are solutions of the ODE

(
v̇
ẇ

)
= b̃k (v − w) then:

1

2

d

dt

∣∣∣∣(vw
)
−
(
v̄
w̄

)∣∣∣∣2 = 0.

Consequently, the entropic 2-Wasserstein distance will remain unchanged if we transport two
densities along b̃k, as stated in the following lemma:

Lemma 3. Consider two functions Fk(v, w, t), Gk(v, w, t) satisfying the equations

(4.6)

{
∂tFk = Lb̃kFk = b̃k(v − w) · ∇Fk
Fk(v, w, 0) = F (v, w)

,

{
∂tGk = Lb̃kGk = b̃k(v − w) · ∇Gk
Gk(v, w, 0) = G(v, w)

.

Then t 7→ Tε(Fk, Gk) is constant, which implies
〈
T ′
ε (Fk, Gk), (Lb̃kFk, Lb̃kGk)

〉
= 0.

Proof. Firstly note that we can write (4.6) as continuity equations using that b̃k are divergence
free:

∂tFk + div
(
−b̃kFk

)
= 0, ∂tGk + div

(
−b̃kGk

)
= 0.

Then it is known (see [17, Chap. 4]) that Fk(·, t) = (Xt)#F , Gk(·, t) = (Xt)#G whereXt(v, w)

represents the flow of the ODE

(
v̇
ẇ

)
= −b̃k(v−w). By the previous Remark, we see that Xt

is an isometry in R6, which shows

Tε (Fk(·, t), Gk(·, t)) = Tε ((Xt)#F, (Xt)#G) = Tε(F,G). □

Now we are ready to prove the monotonicity of Tε(f, g) where f , g are solutions of the Landau
equation for Maxwell molecules.

Proof of Theorem 2. Due to Proposition 4, it is enough to show that d
dt

∣∣
t=0

Tε(F,G) ≤ 0 where
F , G are solutions of the lifted equations ∂tF = Q(F ), ∂tG = Q(G). We rewrite this as〈

T ′
ε (F,G), (Q(F ), Q(G))

〉
≤ 0.

Consider for k = 1, 2, 3 solutions of{
∂tFk(v, w, t) = Lb̃k(Fk)

Fk(v, w, 0) = F (v, w)
,

{
∂tGk(v, w, t) = Lb̃k(Gk)

Gk(v, w, 0) = G(v, w)
.

Since Tε(Fk, Gk) is constant, we deduce that

0 =
d2

dt2

∣∣∣∣
t=0

Tε(Fk, Gk)

=
〈
T ′
ε (F,G),

(
∂ttFk(0), ∂ttGk(0)

)〉
+
〈
T ′′
ε (F,G)

(
∂tFk(0), ∂tGk(0)

)
,
(
∂tFk(0), ∂tGk(0)

)〉
=
〈
T ′
ε (F,G),

(
(Lb̃k ◦ Lb̃k)F, (Lb̃k ◦ Lb̃k)G

)〉
+
〈
T ′′
ε (F,G)

(
Lb̃kF,Lb̃kG

)
,
(
Lb̃kF,Lb̃kG

)〉
.
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Then, the expression (4.5) for the operator Q shows

〈
T ′
ε (F,G), (Q(F ), Q(G))

〉
=

3∑
k=1

〈
T ′
ε (F,G),

(
(Lb̃k ◦ Lb̃k)F, (Lb̃k ◦ Lb̃k)G

)〉
= −

3∑
k=1

〈
T ′′
ε (F,G)

(
Lb̃kF,Lb̃kG

)
,
(
Lb̃kF,Lb̃kG

)〉
≤ 0,(4.7)

where we have used that Tε is linearly convex, as evidenced by the dual formulation (4.3). □

Remark. Inequality (4.7) would provide an explicit expression of the Wasserstein dissipation
if one has an explicit formula for T ′′

ε (F,G). For ε > 0 finding this explicit expression is still an
open problem. For ε = 0 the first and second author have formally proven in [18] that

−
3∑

k=1

〈
T ′′(F,G)

(
Lb̃k(F ), Lb̃k(G)

)
,
(
Lb̃k(F ), Lb̃k(G)

)〉
= −2

3∑
k=1

∫ ∣∣∣D2Φ(v, w)−
1
2∇ξfk (v, w)−D2Ψ(v, w)−

1
2∇ξgk(v, w)

∣∣∣2Π∗

[(
v
w

)
,

(
v
w

)]
,(4.8)

where ξfk , ξ
g
k solve

−div
(
f(v)f(w)D2Φ(v, w)−1∇ξfk (v, w)

)
= b̃k(v − w) · ∇ (f(v)f(w)) ,(4.9)

−div
(
g(v)g(w)D2Ψ(v, w)−1∇ξgk(v, w)

)
= b̃k(v − w) · ∇ (g(v)g(w)) ,

and Φ, Ψ are the convex functions mapping (∇Φ)#(f ⊗ f) = g ⊗ g, (∇Ψ)#(g ⊗ g) = f ⊗ f .
Formula (4.8) shows that the distance to the Maxwellian T (f,m) is strictly decreasing in
time unless f = m. Indeed, assume d

dtT (f,m) = 0, then we have that

0 =
d

dt
T (f,m) = −1

2

3∑
k=1

∫ 〈
D2Φ(v, w)∇ξfk ,∇ξ

f
k

〉
f(v)f(w) dv dw,

where we are using that ∇ξmk ≡ 0. This shows that ∇ξfk ≡ 0 as well. Then, remembering

that bk(v − w), k = 1, 2, 3 spans (v − w)⊥, (4.9) implies that

K(v − w)(f(w)∇f(v)− f(v)∇f(w)) = 0.

The above identity is satisfied if and only if f = m (among the functions with mass 1, second
moment 3 and first momentum equal to 0).

Remark. The method proposed in this section is not suitable when α ̸≡ 1. As noted in [1],
the flow of the ODE (

v̇
ẇ

)
=
√
α (|v − w|)b̃k (v − w) ,

no longer generates an isometry and Lemma 3 does not hold. The next section provides an
alternative method that adapts to any α.
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5. Proof of Theorem 2: second method

In this section we prove Theorem 2 using a different method. During the proof we will
introduce tools that will be also useful for the proof of Theorem 3; therefore we will keep the
term α in the computations.

Intuition using the heat equation. Before starting our computation on the Landau equation,
we illustrate our intuition by presenting our method applied to the heat equation. The
argument is based on the dual formulation of the metric (see [8]):

(5.1) T (f, g) = sup
{∫

u1g dv −
∫
u0f dv : ∂su+

1

2
|∇u|2 = 0︸ ︷︷ ︸

HJ equation

}
.

We have the following proposition:

Proposition. Consider two nonnegative solutions in Rd of the heat equation ∂tf = ∆f , ∂tg =
∆g, both with mass 1. Then the Wasserstein distance T (f, g) is decreasing with dissipation

d

dt
T (f, g) = −

∫ 1

0

∫
Rd

∣∣D2u
∣∣2 ρ(x) dx ds,

where ρ(x, s), 0 ≤ s ≤ 1 is an interpolation between f and g given by the equations

(5.2) ∂sρ+ div (ρ∇u) = 0, ρ0 = f, ρ1 = g, ∂su+
1

2
|∇u|2 = 0.

Remark 1. The previous result is analogous to the estimate of contractivity for finite dimen-
sional gradient flows. Given a smooth function F : Rd → R, consider two solutions of the
gradient flow ẋ = −∇F (x), ẏ = −∇F (y). Then the squared Euclidean distance |x − y|2 is
decreasing with dissipation

1

2

d

dt
|x− y|2 = −⟨∇F (p0), ṗ0⟩+ ⟨∇F (p1), ṗ1⟩ = −

∫ 1

0
D2F (ps)[ṗs, ṗs] ds,

where ps = sx+ (1− s)y, 0 ≤ s ≤ 1 is the constant speed geodesic between x and y.

Proof. We use the dual formulation of the Wasserstein distance (5.1) It is known that the
optimal u provides an interpolation between f and g given by the equation (5.2). Therefore,
we have

d

dt
T (f, g) =

∫
Rd

u1∆g dx−
∫
Rd

u0∆f dx

=

∫ 1

0

d

ds

∫
Rd

∆uρ dx ds

= −
∫ 1

0

∫
Rd

(
1

2
∆ |∇u|2 ρ+∆udiv (ρ∇u)

)
dx ds

= −
∫ 1

0

∫
Rd

(
1

2
∆ |∇u|2 −∇∆u · ∇u

)
ρ dx ds

= −1

2

∫ 1

0

∫
Rd

∣∣D2u
∣∣2 ρ dx ds,
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where we have used Bochner’s formula 1
2∆ |∇u|2 = ∇∆u · ∇u+

∣∣D2u
∣∣2. □

The 2-Wasserstein contractivity of the heat equation is a classical result. In fact, Jordan,
Kinderlehrer and Otto showed in [13] how the heat equation could be understood as a gradient
flow for the entropy functional in the 2-Wasserstein space. Contractivity without a rate
formally follows by the displacement convexity of the entropy functional.

Let’s now use the same method for the Landau equation. We start by computing d
dtT (f, g)

(ε = 0) where f, g are solutions of the Landau equation for a general α. We recall that T (f, g)
is defined in (5.1). Moreover, the supremum is attained at a function u which provides the
constant speed geodesic ρs(v) = ρ(v, s), 0 ≤ s ≤ 1 between f and g through the continuity
equation

(5.3) ∂sρ+ div (ρ∇u) = 0, ρ0 = f, ρ1 = g.

Lemma 4. Let f , g be two smooth solutions to (1.1), we have

d

dt
T (f, g) =− 1

2

3∑
k=1

∫ 1

0

∫∫ ∣∣∣∇(b̃k · ∇u)∣∣∣2 αρ dv dw ds
+

1

2

3∑
k=1

∫ 1

0

∫∫
α′

r

(
b̃k · ∇

(
b̃k · ∇u

))
(n̂ · ∇u) ρ dv dw ds.

Proof. Using Proposition 4 and the dual formulation (5.1) we see that

d

dt
T (f, g) =

1

2

∫∫
u1Q(G) dv dw − 1

2

∫∫
u0Q(F ) dv dw,

where F (v, w) = f(v)f(w), G(v, w) = g(v)g(w) and u(v, w, s) is a solution in R6 of the
Hamilton-Jacobi equation from (5.1). We note that the previous expression can be rewritten
as

d

dt
T (f, g) =

1

2

∫ 1

0

d

ds

∫∫
uQ(ρ) dv dw ds,

where ρ is the Wasserstein geodesic interpolating F and G. To lighten notation, we drop the
integration with respect to s and focus on rewriting d

ds

∫∫
uQ(ρ) dv dw ds. For this purpose,

we use the decomposition

Q(F ) = α
3∑

k=1

b̃k · ∇
(
b̃k · ∇F

)
,

where from now on ∇ and div denote gradient and divergence with respect to v, w. We will
repeatedly use that αb̃k is divergence free, which shows that Q is self-adjoint:

d

ds

∫∫
uQ(ρ) dv dw =

d

ds

∫∫
Q(u)ρ dv dw

= −
∑
k

∫∫ [
αb̃k · ∇

(
b̃k · ∇u

)
div (ρ∇u) + 1

2
αb̃k · ∇

(
b̃k · ∇ |∇u|2

)
ρ

]
dv dw.
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Introducing r = |v − w| and n̂ =

(
v − w
w − v

)
, we see that ∇α(r) = α′(r)

r n̂ so that

d

dt
T (f, g) =

1

2

∑
k

∫∫ [
∇
(
b̃k · ∇

(
b̃k · ∇u

))
· ∇u− 1

2
b̃k · ∇

(
b̃k · ∇ |∇u|2

)]
αρ

+
1

2

∑
k

∫∫
α′

r

(
b̃k · ∇

(
b̃k · ∇u

))
(n̂ · ∇u) ρ.(5.4)

Our next goal is to rewrite (5.4) as

d

dt
T (f, g) = −1

2

3∑
k=1

∫ 1

0

∫∫ ∣∣∣∇(b̃k · ∇u)∣∣∣2 αρ dv dw ds
+
1

2

3∑
k=1

∫ 1

0

∫∫
α′

r

(
b̃k · ∇

(
b̃k · ∇u

))
(n̂ · ∇u) ρ dv dw ds.(5.5)

The last term in (5.4) already matches (5.5), so we focus on the first term of the right hand
side of (5.4). We decompose it using the basis vectors

ẽi =

(
ei
ei

)
, êi =

(
ei
−ei

)
, 1 ≤ i ≤ 3,

where ei form the canonical basis of R3. More precisely, we use the decompositions

∇
(
b̃k · ∇

(
b̃k · ∇u

))
· ∇u =

1

2

3∑
i=1

(
ẽi · ∇

(
b̃k · ∇

(
b̃k · ∇u

)))
(ẽi · ∇u)

+
1

2

3∑
i=1

(
êi · ∇

(
b̃k · ∇

(
b̃k · ∇u

)))
(êi · ∇u) ,

and

b̃k · ∇
(
b̃k · ∇ |∇u|2

)
=

1

2

3∑
i=1

b̃k · ∇
(
b̃k · ∇ (êi · ∇u)2

)
+

1

2

3∑
i=1

b̃k · ∇
(
b̃k · ∇ (êi · ∇u)2

)
.

This allows us to rewrite (5.4) as

d

dt
T (f, g) =

1

4

∑
i,k

∫ 1

0
[I1(ẽi, k) + I2(ẽi, k)] ds+

1

4

∑
i,k

∫ 1

0
[I1(êi, k) + I2(êi, k)] ds(5.6)

+
1

2

∑
k

∫ 1

0

∫∫
α′

r

(
b̃k · ∇

(
b̃k · ∇u

))
(n̂ · ∇u) ρ ds,

where we set for a fixed vector e ∈ R6 the quantities

I1(e, k) :=

∫∫
e · ∇

(
b̃k · ∇

(
b̃k · ∇u

))
(e · ∇u)αρ,

I2(e, k) := −1

2

∫∫
b̃k · ∇

(
b̃k · ∇

[
(e · ∇u)2

])
αρ.

The advantage of using ẽi, êi over the canonical basis is the simplicity of the Lie brackets
[ẽi, b̃k], [êi, b̃k], which we will call commutators from now on. We remind the reader that if
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a = a(v), b = b(v) are vector fields then Lie bracket [a, b] is another vector field that verifies
the identity

a · ∇ (b · ∇u)− b · ∇ (a · ∇u) = [a, b] · ∇u
for any smooth function u. The components of [a, b] are defined as

[a, b]i =
∑
j

(
aj∂vjbi − bj∂vjai

)
= a · ∇bi − b · ∇ai.

We calculate, all the possible commutators. We have that [ẽi, b̃k] = 0 for every i and k, and

that [êi, b̃k] satisfies:

[êi, b̃k] b̃1 b̃2 b̃3
ê1 0 −2ê3 2ê2
ê2 2ê3 0 −2ê1
ê3 −2ê2 2ê1 0

Now we rewrite I1(e, k) by commuting e, b̃k and integrating by parts keeping in mind that

div(αb̃k) = 0:

I1(e, k) = −
∫∫ (

e · ∇
(
b̃k · ∇u

))2
αρ−

∫∫ (
e · ∇

(
b̃k · ∇u

))(
b̃k · ∇ρ

)
(e · ∇u)α

+

∫∫ (
[e, b̃k] · ∇

(
b̃k · ∇u

))
(e · ∇u)αρ+

∫∫ (
e · ∇

(
b̃k · ∇u

))(
[e, b̃k] · ∇u

)
αρ.

Similarly, I2(e, k) integrating by parts and commuting b̃k, e:

I2(e, k)=

∫∫ (
e · ∇

(
b̃k · ∇u

))
(e · ∇u)

(
b̃k · ∇ρ

)
α−

∫∫ (
[e, b̃k] · ∇u

)
(e · ∇u)

(
b̃k · ∇ρ

)
α.

Note that the second to last term cancels with one of I1(e, k), yielding

I1(e, k) + I2(e, k) = −
∫∫ (

e · ∇
(
b̃k · ∇u

))2
αρ−

∫∫ (
[e, b̃k] · ∇u

)
(e · ∇u)

(
b̃k · ∇ρ

)
α

+

∫∫ (
[e, b̃k] · ∇

(
b̃k · ∇u

))
(e · ∇u)αρ+

∫∫ (
e · ∇

(
b̃k · ∇u

))(
[e, b̃k] · ∇u

)
αρ.

Now, to compute (5.6) we must set e = ei and sum in i. Using that [ẽi, b̃k] = 0 for all i, k, we
have

1

4

∑
i

[
I1(ẽi, k) + I2(ẽi, k) + I1(êi, k) + I2(êi, k)

]
= −1

2

∫∫ ∣∣∣∇(b̃k · ∇u)∣∣∣2 αρ
− 1

4

3∑
i=1

∫∫ (
[êi, b̃k] · ∇u

)
(êi · ∇u)

(
b̃k · ∇ρ

)
α(5.7)

+
1

4

3∑
i=1

∫∫ (
[êi, b̃k] · ∇

(
b̃k · ∇u

))
(êi · ∇u)αρ(5.8)

+
1

4

3∑
i=1

∫∫ (
êi · ∇

(
b̃k · ∇u

))(
[êi, b̃k] · ∇u

)
αρ.(5.9)
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Now observe that (5.7) is symmetric in êi, [êi, b̃k]. Since the table of commutators is anti-
symmetric, we deduce that actually (5.7) vanishes. A similar reasoning shows that (5.8) and
(5.9) vanish. Plugging all this information into (5.6) shows that

d

dt
T (f, g) =− 1

2

3∑
k=1

∫ 1

0

∫∫ ∣∣∣∇(b̃k · ∇u)∣∣∣2 αρ dv dw ds(5.10)

+
1

2

3∑
k=1

∫ 1

0

∫∫
α′

r

(
b̃k · ∇

(
b̃k · ∇u

))
(n̂ · ∇u) ρ dv dw ds.

This concludes the proof.

□

With these preliminary computations for ε = 0, we are ready to prove Theorem 2:

Proof. Step 1. We show that the operator

Q(u) := (divv − divw)
[
|v − w|2K(v − w) (∇vu−∇wu)

]
commutes with the Laplacian ∆v,w, namely

Q∆v,wu = ∆v,wQu.

We use the vectors ẽi =

(
ei
ei

)
, êi =

(
ei
−ei

)
and b̃k =

(
bk
−bk

)
, noting that

∆u =
1

2

∑
i

ẽi · ∇ (ẽi · ∇u) +
1

2

∑
i

êi · ∇ (êi · ∇u) , Qu =
∑
k

b̃k · ∇
(
b̃k · ∇u

)
.

We have

∆Qu =
1

2

∑
i,k

ẽi · ∇
(
ẽi · ∇

(
b̃k · ∇

(
b̃k · ∇u

)))
+

1

2

∑
i,k

êi · ∇
(
êi · ∇

(
b̃k · ∇

(
b̃k · ∇u

)))(5.11)

Q∆u =
1

2

∑
i,k

b̃k · ∇
(
b̃k · ∇ (ẽi · ∇ (ẽi · ∇u))

)
+

1

2

∑
i,k

b̃k · ∇
(
b̃k · ∇ (êi · ∇ (êi · ∇u))

)
.

(5.12)

Therefore, we may begin by finding an expression for the commutator

[Le, Lb]u : = LeLuu− LbLeu

= e · ∇ (e · ∇ (b · ∇ (b · ∇u)))− b · ∇ (b · ∇ (e · ∇ (e · ∇u))) ,

where e, b are vectors in R3 which may depend on v and w and Leu := e · ∇ (e · ∇u),
Lbu := b ·∇ (b · ∇u). To do this we commute the order of differentiation to make the sequence
[e, b, b, e].

LeLbu = e · ∇ (b · ∇ (b · ∇ (e · ∇u))) + e · ∇ ([e, b] · ∇ (b · ∇u)) + e · ∇ (b · ∇ ([e, b] · ∇u)) .
On the other hand, we have

LbLuu = e · ∇ (b · ∇ (b · ∇ (e · ∇u)))− b · ∇ ([e, b] · ∇(e · ∇u))− [e, b] · ∇ (b · ∇ (e · ∇u)) .
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From here we deduce the expression

[Le, Lb]u = e · ∇ (b · ∇ ([e, b] · ∇u)) + [e, b] · ∇ (b · ∇ (e · ∇u))
+ b · ∇ ([e, b] · ∇(e · ∇u)) + e · ∇ ([e, b] · ∇ (b · ∇u)) .

To notice cancellations we rewrite the expressions to be symmetric in e and [e, b]. Commuting:

[Le, Lb]u = e · ∇ (b · ∇ ([e, b] · ∇u)) + [e, b] · ∇ (b · ∇ (e · ∇u))
+ b · ∇ ([e, b] · ∇(e · ∇u)) + b · ∇ (e · ∇ ([e, b] · ∇u))
+ e · ∇ ([[e, b], b] · ∇u) + [e, b] · ∇ ([e, b] · ∇u) .

Plugging this into (5.11, 5.12) and using that [ẽi, b̃k] = 0 yields

∆Qu−Q∆u =
1

2

∑
i,k

[
Lêi , Lb̃k

]
u

=
1

2

∑
i,k

(
êi · ∇

(
b̃k · ∇

(
[êi, b̃k] · ∇u

))
+ [êi, b̃k] · ∇

(
b̃k · ∇ (êi · ∇u)

))
(5.13)

+
1

2

∑
i,k

(
b̃k · ∇

(
[êi, b̃k] · ∇(êi · ∇u)

)
+ b̃k · ∇

(
êi · ∇

(
[êi, b̃k] · ∇u

)))
(5.14)

+
1

2

∑
i,k

(
êi · ∇

([
[êi, b̃k], b̃k

]
· ∇u

)
+ [êi, b̃k] · ∇

(
[êi, b̃k] · ∇u

))
.(5.15)

Expressions (5.13) and (5.14) vanish after summing in i. The third expression (5.15) vanishes
in a similar manner. For example, observe that for k = 1 we have[

[ê2, b̃1], b̃1

]
= 2[ê2, b̃1] = −4ê2,

[
[ê3, b̃1], b̃1

]
= −2[ê3, b̃1] = −4ê3,

which shows that with k = 1 fixed

(5.15) = −2ê2 · ∇ (ê2 · ∇u) + 2ê2 · (ê2 · ∇u)− 2ê3 · ∇ (ê3 · ∇u) + 2ê3 · (ê3 · ∇u) = 0.

A similar cancellation happens for other values of k, finishing the proof of Step 1.

Step 2. Now we proceed with the proof of expression (1.3) for the dissipation of entropic
optimal transport. We use the following dual formulation

Tε(f, g) = εH(f) + sup

{∫
u1g −

∫
u0f : ∂su+

1

2
|∇u|2 + ε

2
∆u = 0

}
,

whereH denotes the usual entropy. Moreover, the optimal u provides an interpolation between
f and g through the equation

(5.16) ∂ρs + div (ρ∇u) = ε

2
∆ρ, ρ0 = f, ρ1 = g.

The interpolant ρ can be written explicitly in terms of the Schrödinger potentials and the
heat kernel, although we make no use of this relation here. See [8] for more details. Now,
if ∂tf = q(f), ∂tg = q(g) are solutions of the Landau equation for α ≡ 1 then, thanks to
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Proposition 4, we have

2
d

dt
[Tε(f, g)] =

〈
T ′
ε (F,G), (Q(F ), Q(G))

〉
= ε

d

dt
H(F ) +

∫∫
u1Q(G)−

∫∫
u0Q(F )

= ε
d

dt
H(F ) +

∫∫
Q(u1)G−

∫∫
Q(u0)F.

Consider the interpolation between F and G of the form (5.16) and denote it ρ(v, w, s),
0 ≤ s ≤ 1. Then we have

2
d

dt
Tε(f, g) = −εD(F ) +

∫∫
Q(u1)G−

∫∫
Q(u0)F

= ε
d

dt
H(F ) +

∫ 1

0

∫∫
Q(∂su)ρ+Q(u)∂sρ ds

= ε
d

dt
H(F ) +

∫ 1

0

∫∫ [
∇Q(u) · ∇u− 1

2
Q(|∇u|2)

]
ρ ds+

ε

2

∫ 1

0

∫∫
[∆Qu−Q∆u] ρ ds

= ε
d

dt
H(F )−

∑
k

∫ 1

0

∫∫ ∣∣∣∇(b̃k · ∇u)∣∣∣2 ρ ds,
yielding the expression for the dissipation (1.3) and finishing the proof of Theorem 2.

□

6. Proof of Theorem 3

We now prove the the contractive estimates for soft potentials using the previously derived
expression of d

dtT (f, g) in Lemma 4.

Proof of Theorem 3. The starting point is the expression for the dissipation of T found in
Lemma 4. We first consider the second term and apply Young’s inequality. We get

1

2

∫∫
α′

r

(
b̃k · ∇

(
b̃k · ∇u

))
(n̂ · ∇u) ρ dv dw ≤ 1

4

∫∫ (
b̃k · ∇

(
b̃k · ∇u

))2 α
r2
ρ dv dw

+
1

4

∫∫
(α′)2

α
|n̂ · ∇u|2 ρ dv dw.

To bound the first term, we make use of the following identity (see [1]) for functionsG : R6 −→ R:

|∇G|2 = 1

2

∑
i

(ẽi · ∇G)2 +
(n̂ · ∇G)2

2r2
+
∑
k

(
b̃k · ∇G

)2
2r2

.

In particular, this shows that

1

4

∫ 1

0

∫∫ (
b̃k · ∇

(
b̃k · ∇u

))2 α
r2
ρ dv dw ds ≤ 1

2

∫ 1

0

∫∫ ∣∣∣∇(b̃k · ∇u)∣∣∣2 αρ dv dw ds,
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Plugging both estimates in (5.10) and denoting by

K := sup
r>0

α′(r)2

α(r)rγ−2

we get

d

dt
T (f, g) ≤ 3K

4

∫ 1

0

∫∫
|v − w|γ−2 |n̂ · ∇u|2 ρ dv dw ds.

It is now necessary to introduce ρ(v, w) ≡ ρ(v)ρ(w), u(v, w) ≡ u(v) + u(w), which yields the
expression

d

dt
T (f, g) ≤ 3K

4

∫ 1

0

∫∫
|v − w|γ−2 |(v − w) · (∇u(v)−∇u(w))|2 ρ(v)ρ(w) dv dw ds

≤ 3K

4

∫ 1

0

∫∫
|v − w|γ |∇u(v)−∇u(w)|2 ρ(v)ρ(w) dv dw ds.

We now focus on the case −3 < γ < 0, and we simply bound

|∇u(v)−∇u(w)|2 ≤ 2
(
|∇u(v)|2 + |∇u(w)|2

)
and reverse the role of v, w in one of the terms to obtain

d

dt
T (f, g) ≤ 3K

∫ 1

0

∫∫
|v − w|γ |∇u(v)|2 ρ(v)ρ(w) dv dw ds

= 3K

∫ 1

0

∫
|∇u(v)|2 ρ(v)

(∫
ρ(w) |v − w|γ dw︸ ︷︷ ︸

:=(Iγρ)(v)

)
dv

≤ 3K ∥Iγρ∥L∞(R3×[0,1]) T (f, g).

Next, we bound the singular integral Iγρ by splitting the integral in a ball of radius R and
its complement:

(Iγρ)(v) =

∫
BR(v)

|v − w|γ ρ(w) dw +

∫
Rd\BR(v)

|v − w|γ ρ(w) dw

≤
(∫

BR

|w|γp
′
ρ(w) dw

) 1
p′

∥ρ∥Lp(R3) +Rγ

=

(
4π(p− 1)

p(3 + γ)− 3

)1− 1
p

R
γ+ 3

p′ ∥ρ∥Lp(R3) +Rγ ,

where p > 3
3+γ . By choosing R = ∥ρ∥−

p′
3

Lp we obtain the following bound:

∥Iγρ∥L∞(R3×[0,1]) ≤ Cγ,p ∥ρ∥
βp,γ
Lp(R3)

, Cγ,p =

(
4π(p− 1)

p(3 + γ)− 3

)1− 1
p

+ 1, βp,γ = − γp

3(p− 1)
.
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Recall that the functional ρ 7→
∫
ρp dv is convex with respect to the 2-Wasserstein distance,

see [19]. Interpolation yields:

∥ρs∥Lp(R3) =

(∫
ρs(v)

p dv

) 1
p

≤
(
(1− s)

∫
f(v)p dv + s

∫
g(v)p dv

) 1
p

≤ (1− s)
1
p ∥f∥Lp(R3) + s

1
p ∥g∥Lp(R3) ≤ ∥f∥Lp(R3) + ∥g∥Lp(R3) .

In summary, we have shown that for α(r) = rγ , −3 < γ < 0, and p > 3
3+γ , there exists

Cγ,p > 0 and 0 < αγ,p < 1 such that

d

dt
T (ft, gt) ≤ Cγ,pK

(
∥ft∥

βγ,p
Lp(R3)

+ ∥gt∥
βγ,p
Lp(R3)

)
T (ft, gt).

This proves Theorem 3 for −3 < γ < 0.

Next, we study the Coulomb case γ = −3, which requires a special adaptation of the previous
computation since |v − w|−3 is not locally integrable. We need to use the regularity of u,
which can be expressed through the Hopf-Lax formula as

(6.1) us(v) = −1

s
ϕ∗s(v) +

|v|2

2s
, ϕs(v) = sϕ(v) + (1− s)

|v|2

2
.

Since ϕ∗ is convex, this shows D2us ≤ 1
s Id. On the other hand, it is easy to see that

ũ(s, v) = −u(1− s, v) also satisfies a similar inequality. In fact, we have the bounds

− 1

1− s
Id ≤ D2us ≤

1

s
Id,

which implies that |∇u(v)−∇u(w)| ≤ 1
min(s,1−s) |v − w|. We consider a parameter 0 < ε < 1

2

to be optimized and note that d
dtT (ft, gt) is bounded by

3K

4

∫ 1

0
[min (s, 1− s)]−2ε

∫∫
|v − w|−3+2ε |∇u(v)−∇u(w)|2(1−ε) ρ(v)ρ(w) dv dw ds.

Using the inequality (|∇u(v)|+ |∇u(w)|)2(1−ε) ≤ 21−2ε
(
|∇u(v)|2(1−ε) + |∇u(w)|2(1−ε)

)
and

swapping the roles of v, w in the second resulting term, we see that

d

dt
T (ft, gt) ≤ 3K

∫ 1

0
[min (s, 1− s)]−2ε

∫∫
|v − w|−3+2ε |∇u(v)|2(1−ε) ρ(v)ρ(w) dv dw ds

= 3K

∫ 1

0
[min (s, 1− s)]−2ε

∫
|∇u(v)|2(1−ε) ρ(v)(I−3+2ερ)(v) dv ds,

where (Iγρ)(v) =
∫
ρ(w) |v − w|γ dw as before. This yields

d

dt
T (ft, gt) ≤ 3K ∥I−3+2ερ∥L∞(R3×[0,1])

∫ 1

0
[min (s, 1− s)]−2ε

∫
|∇u(v)|2(1−ε) ρ(v) dv ds

≤ 3K ∥I−3+2ερ∥L∞(R3×[0,1])

∫ 1

0
[min (s, 1− s)]−2ε

(∫
|∇u(v)|2 ρ(v) dv

)1−ε
ds.

Next, we use that (ρ, u) are the constant-speed geodesic between f and g in the 2-Wasserstein

distance. In particular, this means that
∫
|∇us(v)|2 ρs(v) dv is independent of s and equal to
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T (f, g). Then, using that
∫ 1
0 [min (s, 1− s)]−2ε ds = 41−ε

1−2ε , we are left with

(6.2)
d

dt
T (f, g) ≤ 12K

1− 2ε
∥I−3+2ερ∥L∞ T (f, g)1−ε.

Finally, we need to optimize in ε. As a first step, we carefully bound the singular integral
with respect to ε. Given R > 0 we have

(I−3+2ερ)(v) =

∫
BR(v)

ρ(w)

|v − w|3−2ε dw +

∫
R3\BR(v)

ρ(w)

|v − w|3−2ε dw

≤ ∥ρ∥L∞(R3)

∫
BR

dw

|w|3−2ε +R−3+2ε =
2π

ε
∥ρ∥L∞(R3)R

2ε +R−3+2ε.

Setting R = ∥ρ∥−
1
3

L∞(R3)
ε

1
3 yields that

(6.3) ∥I−3+2ερ∥L∞(Rd) ≤ (2π + 1) ∥ρ∥1−
2ε
3

L∞(R3)
ε−1+ 2ε

3 ≤ (2π + 1)max
(
∥ρ∥L∞(R3) , 1

)
ε−1.

If we plug (6.3) in (6.2) and assume that 0 < ε < 1
4 we obtain

d

dt
T (f, g) ≤ 24(2π + 1)Kmax

(
∥f∥L∞(R3) + ∥g∥L∞(R3) , 1

)
ε−1 [T (f, g)]1−ε .

We choose ε that minimizes ε−1T (f, g)1−ε:

ε =

{
−1

log T (f,g) , if T (f, g) ≤ e−4

1
4 , if T (f, g) ≥ e−4

.

In the case T (f, g) ≤ e−4, the bound is given by

d

dt
T (f, g) ≤ −24(2π + 1)Kmax

(
∥f∥L∞(R3) + ∥g∥L∞(R3) , 1

)
T (f, g) log T (f, g),

and the proof is finished by solving the ode. Moreover T (f, g) = 0 if fin = gin from Osgood
uniqueness criteria. □
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