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Motivation

We study uniqueness and stability of the fuzzy Landau equation:
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where > 0, ®(z) = [2[>"7P(2), =3 <7 <1, and P(z) = Id — 222

e It may be viewed as a space delocalization of the classical Landau
equation, which is a fundamental kinetic model in plasma physics.

e Setting k(x) = dg(x), we recover the classical Landau equation.

e The most physically relevant case corresponds to the Coulomb in-
teraction with v = —3.

Main result

Consider two weak solutions f, g of fuzzy Landau for —3 < v < —2 and
vk Lipschitz. If f,g € L{ LPL} for p = =°— - € 3, 00| then

sup ds (f(t),9(t)) <w (a@ (£(0),9(0))),

where the modulus w depends on ||f + g||z17271, and ||v/k||Lip.

Definitions

Wasserstein distance between two probability measures on R<:
d2(f,q) = inf / z — y|? dll(x, y),
2(f9) = In L o) oo iz — y|” dIl(z,y)

where I'(f, g) denotes probability measures on R?? with marginals f, g

Modulus of continuity is a continuous, nondecreasing function

w : |0,00) — [0, 00) such that w(0) = 0.

Weak solution f of the fuzzy Landau equation is such that
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for all p € C#(RY), where b(z) := div,®(2) = —2|z|" 2.

General setup

We extend the techniques of [1, 2| to equations depending on x € R”

Of =V - (ef + (b ))f) + D*: (A f)f). (1)

where D : A=) . 0;; A, and ¢,b € R", A € R"™™ satisfy

(A1) The matrix A can be expressed as A = oo’

(A2) c is globally Lipschitz.

(A3) x decomposes as x = (z!,..., 2%, 2') € (RY)* x R"~9* 50 that
k . k .
o< a (14 ) o< (1431
i=1 i=1

(A4) b, o satisfy a local Lipschitz estimate away from z* = 0:

b(x) — b(y)] : o(x) —o(y)l® <K (1 + zk: (l*[" 4 y”)) »

z—y z—yl|? —

Given solutions f, g of (1), we generate II; € I'(f(¢), g(t)) and estimate

B(F(0.90) < [ o=y dlia.p).
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Choice of coupling evolution

We generate 11; by requiring that it satisfies the parabolic equation

O,11 = div, , ((& + (b H*))H) + D2, (((Z i H*))H) ()

where II; € T'(f(t), g(t)) denotes the optimal coupling, IIy = Iy, and

= () o= (3. A= (Cen) o,

This equation is carefully chosen so ensure the marginals

/Lt:/thy, VZ:/thZC

remain equal to f(t), g(t), respectively. Integrating (2) in y yields

Orpr =V - (cpp 4 (b x fu) + D = ((A* flu).

Theretore, f;, u; solve the same linear equation, which implies u = f.
The existence of such a II; is proved using a coupled system of SDEs.

Main computation

Simple integration by parts gives
s [l = ol dley) = [ (elw) ~ cl) - (@
b [ (bla =) = by =) - (@

+/|0(fv—x*)—0(y—y*)\2 dIT* (x4, ys ) dl(, y).

- y) dH(:E‘, y)

— ) dII* (2., ys) dll(z, y)

This yields uniqueness if all coefficients are Lipschitz. However, the sin-
gularity in (A4) creates logarithmically diverging integrals
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where ft(i) denotes the 2* marginal of f,. We divide into two regions and
estimate separately:

e Over Ry = {|z' — 2| > ¢, |y* — yL| > €,Vi}, we use estimate (3).
e Over Ry = R*"\ Ry we use (A3).

All together:

/ o~y dil, < max(|£0 o 9 |) | + loge] / 2~ y|? dIL | .

Setting € = min (f |z — y|* dIL;,

i [ttt S e (11O = gy ([ 1o -y ).

with U(s) = s(1 + |log s|), which implies the stability estimate.

e 1 ) yields

The modulus of continuity w can be computed by solving a differential
equation of the form ¢ = y(1 — logy) for y(0) < 1.
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