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The Landau equation

The Landau equation has the form

atf+v'vfoQ(f)7 f:f(x,v,t).

The collision operator ¢ acts on v, is non-
linear, nonlocal, and second order "elliptic":

Lev. Landau

a(f) = divy | @ —0.)(Vo = Vo) (f(@,0)f(z,0.)) do,
R

where ®(2) = |z|7'P(2), P(z) = Id3 — 222

2] *

» Appeared in 1936 as a version of the Boltzmann equation
for Coulomb forces

» It as also a correction to the Vlasov Poisson equation.
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Basic properties

The equation may be re-written as

O f(xz,v) +v-Vyf(z,v) Za” aijf-l—87rf2,

where
(aij[f](xa U)>ij - /RS CI)(U - U*)f(v*v :C) dv, = (f *v @)(m,v).

Conserved quantities:

d r .
g / fdxdv= —/)‘1 dx dv = 7L'/ flvl*dxzdv =0

H-theorem: ;.
%;//hgfdrgo
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Basic properties

The equation may be re-written as

O f(xz,v) +v-Vyf(z,v) Za” aijf-l-87rf2,

where
(V1)) = [ @0 = 0 f(ve,2) do = (F 5, @)z, v).

Conserved quantities:

d

- d
dt/fdscdv——t/fv’dxdvz%/f\m?dxdv:o.

H-theorem:

d
41 h <0,
dt/fogfdv_o
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Space homogeneous: f(z,v) = f(v)
> Existence of H-solutions (Villani).

» Global existence of smooth solutions is known for L! initial
data (Guillen, Silvestre, Ji, Gualdani, Golding, Loher, ...).

» Uniqueness is mostly known. Currently open for L' initial
data (Fournier, Guerin, Gualdani, Golding, Loher, ...).

» Asymptotic behavior for smooth solutions: Desvillettes,
Villani, Carrapatoso.
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Space inhomogeneous:

» Asymptotic behavior for smooth solutions: Desvillettes,
Villani, Carrapatoso.

> Global existence only known for:
- Renormalized solutions (DiPerna, Lions).

- Near equilibrium (Guo, Carrapatoso, Mischler).

- Near vacuum for moderately soft and hard potentials (Luk,
Sanchit)

» Finite time singularities for very hard potentials
(Bedrossian, Chen, Gualdani, Ji, Vicol, Yang).

F. Unai Caja Lépez Uniqueness of bounded solutions to the fuzzy Landau equation



The University of Texas at Austin

. * .
Homo geneous equation Y gig:‘(};}g}%gﬁfxathemams

O f(v / divy—_p, [P(v — v4)Vy_ U*(f(v)f(v*))} dvy.

=Q(f®f)
Blow-up was only ruled out recently by

Theorem (Guillen, Silvestre, 2023)

If f is a classical solution of homogeneous Landau then

2
%i(f):%/w]f' dv < 0.

Key observation:

T

d
io(f) =

o F =Q(F),
(Iz‘ dr

Fli—o = f ® ft.
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,f (v) = /R vy, [B(0 — 0) Vo, (F(0)f(02))] do.

=Q(f®f)
Blow-up was only ruled out recently by

Theorem (Guillen, Silvestre, 2023)

If f is a classical solution of homogeneous Landau then

2
%i(f):%/w]f' dv < 0.

Key observation:

7=0 Flr—o = fi ® fi.
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The 2-Wasserstein distance is

d3(f,g) = inf // lv — w|? dl(v, w).
R3xR3

el (f.,9)

where I'(f, g) is the subset of P(R? x R3) with marginals £, g.

f(x) g(x)
#/\’\

If f, g are solutions of homogeneous Landau, then

| 2. F = Q(F), 0.G = Q(G),
4 grae), {(' 2F) {(' )
7=0

dr |, Flr—o = fi @ fi, |(Glr=0=9:® gt
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The 2-Wasserstein distance is

d3(f,g) = inf // lv — w|? dl(v, w).
R3xR3

el (f.,9)

where I'(f, g) is the subset of P(R? x R3) with marginals £, g.

f(x) g(x)
#/\’\

If f, g are solutions of homogeneous Landau, then

o0 F = Q(F)’ {a‘rG = Q(G),

d d
adz(f,g) =

d3(F,G), {
7=0 2 F”T:O = ft & ft7 G|T:0 = 9t ® ¢
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We use the following formulation of the metric:

1
d%(f’g) :Sup{/ u('?l)g_/ u(,O)fasu—i-—]Vu\Q:O}
R4 Rd 2
The optimal « provides the geodesic connecting f and g:
dsps+div (Vugps) =0, po = f, p1 = g, /Rd Vus|* dps = d5(f, 9).
Toy model: if 0;,f = Af, 9;g = Ag have unit mass
A Ld
upAfdr = / — / Aupdx ds
dt JRn Jo ds Jrn
-1 S 1 R
= — / / <9A Vu|” — VAu - Vu) pdxds
JO JR™ \ 4

1 1o
-3/, L
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We use the following formulation of the metric:
1
d5(f,g) = sup {/ u(-1)g - / u(-,0)f : dsu+ 5 |Vul” = 0} :
R R4 2
The optimal « provides the geodesic connecting f and g:
dsps+div (Vusps) =0, po=f, pr =g, /Rd Vus|* dps = d5(f, 9).

Toy model: if 0,f = Af, 0,9 = Ag have unit mass

1
id%(f,g) :/ ulAgdaz—/ qufd:c:/ i Aupdx ds

s Jrn

1
= —/ / (%A |Vul? — VA - Vu) pdxds
O n

sl L

2
D2u‘ pdxds.
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Theorem (Fournier, 2010)
Let f, g be weak solution of homogeneous Landau. Then

d

ZBED S (IF o) + gl ¥ (3(1,9))

where U(s) = s(1 + |log s|), which implies for d3( fo, go) < 1

—a(t)

d%(fta gt) < [d%(f()a 90)}6

t
cal) = C [ (Il + lgllieges)) ds
v

» Fournier used stochastic analysis and a coupling argument.
» We recover the same bound using the lifting property.

» Implies uniqueness within the class L} L.
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Recreating the computations for the heat equation shows:

—d2 (f,9) / /|v 0| 73| V() — Vau(v,) 2p(v) p(vs) do dv, ds
We use
Vu(v) — Vu(ve)| Ss v —vs|, 0<s<1.
Then,forO0<e <1
d < ‘ ; v\ 12(1—e) N
T(] >(f,9) S (v) — Vu(vy)| p(v)p(vy)
. o 1—e
= <H./HLX(FG”) + \|!—/\|L\(P:-'%)> e [(75(,/41)} .

Choosing ¢ = min (|log d3(f,g)|™!,e™!) gives

d o, - 2/ . 20 F )
mdg(,/.g) < <H/ HLX(E;;) + 19l (’};‘)) d-z(./:!/)@ﬂ log d-z(./-!])‘)-

o 1—342¢
v — Uy
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Recreating the computations for the heat equation shows:

CB(f.9) % / [ 1o=0. 19 u(0) = Fu(w)Po(e)p(o.) dv dv. d
We use
[Vu(v) — Vu(vi)] Ss lv—wi], 0<s< 1.

Then, for0 <e <1
LB S [0 = [Fute) - V()P pw)p(o.)

1—e
< (anmw + 9l ooy ) €7 [43(£.9)]
Choosing ¢ = min (|log d3(f,g)|~,e™!) gives

d o, . ) oo P
S 3(1,9) S (Il oy + 19l oe sy ) BBUF 9) (14 log dB(£. 9)1)-
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Recreating the computations for the heat equation shows:

d
EdQ (f.9) / /|v 0| 73| Vu(v) — Vu(vs) | p(v) p(vs) dv dvs ds
We use

[Vu(v) — Vu(vi)] Ss lv—wi], 0<s< 1.

Then, for0 <e <1
d 3 —€
Gd3(5.9) S [ o= 07 [Valo) - Vu(e) P07 p(w)p(e.)
1—¢
S (£ ooy + 19l o esy) =7 [B(F,9)]

Choosing e = min (|logd3(f,g)| ', e 1) gives

CB7.9) 2 (11l psy + 1)) B0 ) (1 how B, 0)1).
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The lifting property also holds for the fuzzy Landau equation:

atf(xvv) +ov- vxf(mvv) - Q(f)(xav)7

where

i(f) = div, /RG k(@ — 2)B(0—0.) (Vo Vo) (F (2, 0) f (2, 02)) das dus,

and ®(z) = |2|7'P(2), P(2) = Id3 — %.
If k = do, we recover the Landau equation.

Intermediate model between homogeneous and
inhomogeneous.

Lifting property holds.
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The lifting property also holds for the fuzzy Landau equation:

atf(x’v) +ov- vxf(xav) - C.Ai(f)(x”‘)%

where

i(f) = div, /Rﬁ k(@ — 2)B(0—0.) (Vo Vo) (F (2, 0) f (2, 02)) das dus,

and ®(z) = |2|7'P(2), P(2) = Id3 — %.
» If kK = dp, we recover the Landau equation.

» Intermediate model between homogeneous and
inhomogeneous.

» Lifting property holds.
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» Extend uniqueness result to the fuzzy Landau equation.
> Treat weak solutions using Fournier's approach.
> Generalize to analogous equations.

A weak solution of fuzzy Landau satisfies

d

7 / of drdv = / {f (v-Vaep)+2(kbx ) - Vyp+ (kP * f): Df,;} fdzxdv
dt . .

We consider the general family
Ofulw) +div(c(@) i+ (b(@) + f)f:) = D* : ((A(w)= fo) fu+ M fy),
where D : A=)

R ij
ij Oz 0.
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» Extend uniqueness result to the fuzzy Landau equation.
> Treat weak solutions using Fournier's approach.
> Generalize to analogous equations.

A weak solution of fuzzy Landau satisfies

%/g@fdmdv:/[— (U-Vm90)+2(/ib*f)-vap—i-(/ifb*f):chp}fdxdv

We consider the general family
On fo(w) +div(c(w) fu+ (b(w) + i) fi) = D+ ((A(@) % fi) fi+ M [y,

where D : A =37, 0p,0;a".
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Key idea: generate couplings II; € I'(f;, g:) and estimate
Blhog) < [ fo—yPdliay).
R7xR™

We prescribe an equation for I1;.

Toy model: Consider 0, fi(x) = Afi(z), Orgi(y) = Age(y) and
Ol = A, T, Ty = TP

Then L .

S / |z — !/‘2 dIl; = / Agy (\1 - g/\2> I, = 4.

dt
Need a different equation for IT;!
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Key idea: generate couplings II; € I'(f;, g:) and estimate
d3(fr,g0) < / |z — y|* dll(z,y).
R7xR™

We prescribe an equation for I1;.

Toy model: Consider 9, f;(z) = Afi(x), 0ig:(y) = Agi(y) and
Ol = Ay Il Tl = TP

Then J
& [le=yld = [ Avy (j—oP) 1=

Need a different equation for IT;!
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Strategy

Toy model: Consider 0; fi(x) = Afi(x), Orge(y) = Ag(y) and

@mzmw<6§yﬂ, Iy = TP

Therefore

5(fe 1) /\1—1/\ dll; = /\1—1/\ dIly = d3(fo, 90).
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Toy model: Consider 0; fi(x) = Afi(x), Orge(y) = Ag(y) and

I I
Ol = D?E’y : ((I I) Ht> , I, = ngt.

Therefore

Blfeng) < [la—yPdil= [ |z~ yl*dllo = d(fo. ).
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Main computation

where M (z) = m(z)m” (z), A(z) = o(x)o” (z). Then
)(h‘ / |z — y|? dII;
= / {(1 —vy) - (c(x) —c(y)) + |m(x) — 11/(;1/)\2} dll,

// r—y) (b(x —x) —bly —yx)) + |o(x) — o(y)|? } (lll,(lllOpt.
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where M(z) = m(z)m” (z), A(z) = o(z)o” (z). Then
2 dt / = y*dIl,
— [ @ =) @) = ) + Im(z) ~ m(y)?]
+ [ @ =0 0 =2 = by = 9) + lo(@) = o ()] ity an™
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Problem: we have = = (z!,..., 2%, 2) € (RY)* x R"~% and

k
. s . - _é
bz — )| S D lat =l 7Y o(e — 2] S ) fa — a7
=1 ]

k

|b(z — 2y) — by — y* Z( mi’—d+’yi_yi’—d)

|z =yl + |zs — v

olw—2) —oly—p)P _ & - a
S (l =t -
EENE NI )

This creates singular integrals which diverge logarithmically:
[ =i 0w S (1= log) |7 i
Solution: Div;de integrals into the regions
Ri={lz' —al| > e,ly' —4i| > &,Vi}, Ry=(R")"\ Ry,
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Problem: we have = = (z!,..., 2%, 2) € (RY)* x R"~% and

. . . . d
e —z) S Y _la* = 24T o(z — 2] £ Y lat — a2,

k

|b(z — 2y) — by — y* Z( xi’—d+’yi_yi’—d)

|z =yl + |zs — v

k

lo(x —24) — oy — ys) Z(

2 —y? + |2 — yu]?

AR SRR
=1
This creates singular integrals which diverge logarithmically:

[t = al 0 ) S (= tog )l 0.
|z—x4|>e
Solution: Divide integrals into the regions

Ri={l2' —al| > & |y —yi| > e,Vi}, Ry=(R")"\Ri.
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Problem: we have = = (z!,..., 2%, 2) € (RY)* x R"~% and

. . . . d
e —z) S Y _la* = 24T o(z — 2] £ Y lat — a2,

k

b(z — x4) — by — y* i—d | i i—d
oyl g S (T =),

k
lo(x —x4) — o(y — y)| i—d —d
"< o' — 2l "+ |y — i

|z — Y2 + |24 — yu|? Z;( )

This creates singular integrals which diverge logarithmically:
[t = al 0 ) S (= tog )l 0.
|z—x4|>e
Solution: Divide integrals into the regions

Ry ={la —al| > e[y’ — yi| > &,¥i}, Ry =(R")"\ Ry
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Main computation
The previous computation yields
o [Pty S max(1 71, g 1) [+ 1ogel [ o~y art]
Then we set ¢ = min (/ |z — y|? dIL, (},l> we obtain

d [ : (i i ' _,
7 / |z —y|? dIT; < 111;(_1‘}{(\\,]‘,( )HL»X, Hg} )HL»X,)\I/ </ lz — y|? (]Hf> .

with ¥(s) = s(1 + |log s|).This shows the stability estimate

d3(fr, g¢) < / lz —y|?dll; < w </ | — ] (]M()> = w((/z(]‘ 90 ))

where w depends on [ f ]| 11,

g LiLS:
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The previous computation yields

d i i

o [Pty S max(1 71, g 1) [+ 1ogel [ o~y art]
Then we set e = min </ |z — y|? dIT,, e_1> we obtain

d i i
G o= o e S max(s e, ol ([ 1o = i)

with ¥(s) = s(1 + |log s|).This shows the stability estimate

(/3(_7",.,(/,) < / |z — ,1/\2 dIl; < w </ | — ] (/M(,> = W((/j(z‘() ;/())>.

where w depends on || /0] .1 o, [lg]| 1 oo
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The previous computation yields

d i i

o [Pty S max(1 71, g 1) [+ 1ogel [ o~y art]
Then we set e = min </ |z — y|? dIT,, e_1> we obtain

d i i
G o= o e S max(s e, ol ([ 1o = i)

with ¥(s) = s(1 + | log s|).This shows the stability estimate
Bfng) < [lo =yl ai <o ( [lo = yldio) = w(dfo,m).

where w depends on || £0 1 ., 19| -
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In summary, we obtain a stability estimate for
O ful@) +div(c(@) fit+ (b(x)+ f) fi) = D= ((A)+ fi) fu+ M fy),

conditional on the z* marginals satisfying f), g) € L1 LS.

Theorem (General)
There exists a modulus of continuity w such that

sup d3(fi, 01) < w (d3(fo, 90)) -
0<t<T

w depends on || £ 10, l9% | 11 o and T.

Next, we see particular cases of the result.

F. Unai Caja Lépez Uniqueness of bounded solutions to the fuzzy Landau equation



The University of Texas at Austin

Fu 7 Zy |_ an d au e q u at| on Department of Mathematics

College of Natural Sciences

The result applies to the fuzzy Landau equation:

(9tf(t,.’l?,U) +v- fo(t,.'li,’()) = (](f)(t,x,v),

where

q(f) = div, /RG k(z—2,)P(v—0.) (Vy—Vo, ) (f (@, 0) f (@4, vs)) ds dvs.

Given two weak solutions, there is a modulus of continuity with

sup d%(ftagt) S w (d%(f()ag(])) )
0<t<T

where w depends on ||f||L%LgoL;, ||g||L%LgoL; and T.
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It further applies to

8tf Z ng (ta ’UZ')7
where
(.9 = aivy [ a(wi—od) (T2~ LY (51,0900, 0) ded
i \J > : m v k3 % my m; ) s Ux %

Given two weak solutions, there is a modulus of continuity with

an S b < (S 0800,

0<t<T i3

where w depends on || f 0| 1o, 19 13 e, and T.
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We also recover a known uniqueness result on
8tf(t7$a U) +v- fo(t,:E,’U) + E(t,ﬂl’) : Vﬂf(t’xvv) = O’

where

B(z) = + 1 / :U_—x*]?)p(gg*)dx*, p(x) = /R3 f(z,v)dv.

T T 4r Jgs | — z

Theorem (Loeper, 2006)
There exists a modulus of continuity such that

sup d3(fy, q1) S w (dg(fo,90)> 7
0<t<T

where w depends on || p¢ll 11 o, l|pgll 1 poe and T
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We also recover a known uniqueness result on

{@f(t,x) +div (f(t, 2)Vu(t,z)) = Af(t, z),
—Au(t,z) + au(t,z) = f(t,x).

Note that
Vu=Vox f,

where @ is the fundamental solution of —Au + aw.

Theorem (Carrillo et al., 2012)
There exists a modulus of continuity with

sup d3(fr, 91) < w (d%(foago)) ,
0<t<T

where w depends on || f|| 1z, [|gll 1o, and T
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2D incompressible Euler

We also recover known uniqueness results on
Oww(t, z) + div(u(t, z)w(t,z)) =0,

where u is given by Biot-Savart law

_ R T 2
u(t,z) = /R2 Kpgs(z—z,)w(t,z,) dr,, Kas(x)= Smlal? ( o ) .
Theorem (Yudovich, 1963)

Given two weak solutions w,& > 0, with w,» € L' N L> and
Jw = [ &, there is a modulus of continuity 0 with

sup d%(wt,@t) <40 (d%(wo,wo)) ,
0<t<T

where 6 depends on ||wo|| o<, ||@o||L~ and T.
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We let IT; = Law(Xy, Y;), where (X3, Y;) are solutions of
thXo—i-/tc(Xs)ds—l—/otm X
+/ / s — Ty) fs(xy) day ds
+ \/5/ /ann 0(Xs — z) W(dxy, dys, ds),

Y, = Yo—i-/ ds+/

+// b(Ys — y+)9s(y«) dys ds

+ﬁ// o(Yy — y2) W (da, dy.. ds),
0 JR"xXR"

where W (dx, dy, dt) = (W, W?2, W3) is a white noise on
R® x RS x [0, 7] with covariance measure dII(z, y)dt.
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The SDEs are shown to have solutions through Picard iterations:
®: £ ([0,T]; L*(Q)) — L ([0,7]; LQ(Q)> ,

B(X); = X0+/t ds+/ / ) fo(@s) dz, ds

/ s) dBs +/ / — xy) W(dzy, dy., ds).
]Rdx]Rd

Using similar computations, we shown

S [[8(X), ~ B(X),7)

< goax (117 llz) [ (E [l200): — 2(X)P]) + ¥ (B [IX - X,P])]

which is enough to show convergence of the iteration.
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